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1 Introdution
An n-dimensional omplex manifold M is said to be (holomorphially) dominable by C
n
if there is a map F : C
n
! M whih is holomorphi suh that the Jaobian determinant
det(DF ) is not identially zero. Suh a map F is alled a dominating map. In this paper,
we attempt to lassify algebrai surfaes X whih are dominable by C
2
using a ombination
of tehniques from algebrai topology, omplex geometry and analysis. One of the key tools
in the study of algebrai surfaes is the notion of Kodaira dimension (dened in setion 2).
By Kodaira's pioneering work [Ko1℄ and its extensions (see, for example, [CG℄ and [KO℄),
an algebrai surfae whih is dominable by C
2
must have Kodaira dimension less than two.
Using the Kodaira dimension and the fundamental group of X, we sueed in lassifying
algebrai surfaes whih are dominable by C
2
exept for ertain ases in whih X is an
algebrai surfae of Kodaira dimension zero and the ase when X is rational without any
logarithmi 1-form. More speially, in the ase when X is ompat (namely projetive),
we need to exlude only the ase when X is birationally equivalent to a K3 surfae (a simply
onneted ompat omplex surfae whih admits a globally non-vanishing holomorphi 2-
form) that is neither ellipti nor Kummer (see setions 3 and 4 for the denition of these
types of surfaes).
With the exeptions noted above, we show that for any algebrai surfae of Kodaira
dimension less than 2, dominability by C
2
is equivalent to the apparently weaker requirement
of the existene of a holomorphi image of C whih is Zariski dense in the surfae. With the
same exeptions, we will also show the very interesting and revealing fat that dominability
by C
2
is preserved even if a suÆiently small neighborhood of any nite set of points is
removed from the surfae. In fat, we will provide a omplete lassiation in the more
general ategory of (not neessarily algebrai) ompat omplex surfaes before takling the
problem in the ase of non-ompat algebrai surfaes.
We remark that both ellipti K3 and Kummer K3 surfaes are dense in the moduli spae of
K3 surfaes; the former is dense of odimension-one while the latter is dense of odimension
sixteen in this moduli spae (see [PS, LP℄) and intersets the former transversally (these
density results hold also in any universal family). Dominability by C
2
holds for both types
of K3 surfaes. This suggests that it might hold for all K3 surfaes so that our statements
above would be valid without exeption for projetive (and, more generally, for ompat

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Kahler) surfaes. Indeed, their density plus Brody's lemma ([Br℄) tells us that every K3
surfae ontains a non-trivial holomorphi image of C and that the generi K3 surfae,
whih is non-projetive but remains Kahler, even ontains suh an image that is Zariski
dense. We mention here that dominability by C
2
an be shown for some non-ellipti K3
surfaes whih are lose to Kummer surfaes using an argument similar to that of setion 6;
for length onsiderations, we omit this non-ellipti ase from this paper. However, we note
that the statement equating dominability to the weaker ondition of having a Zariski dense
image of C is quite false in the non-Kahler ategory, as is amply demonstrated by Inoue
surfaes (see [In0℄ or [BPV, V.19℄).
Observe that if there is a dominating map F : C
2
! X, then there is also a holomorphi
image of C whih is Zariski dense: First we may assume that the Jaobian of F is non-zero
at the origin. Dening h : C ! C
2
by h(z) = (sin(2z); sin(2z
2
)), we see that h(n) = (0; 0)
with orresponding tangent diretion (2; 4n) for eah n 2 Z. Taking F Æ h, we obtain a
holomorphi image of C with an innite number of tangent diretions at one point, whih
implies that the image is Zariski dense.
We say that an algebrai variety X satises property C if every holomorphi image of
C in X is algebraially degenerate; i.e., is not Zariski dense. Our rst main result is that
for algebrai surfaes of Kodaira dimension less than 2 and with the exeptions mentioned
above, dominability by C
2
is equivalent to the failure of property C. We will state only the
main results in the projetive ategory in this introdution for simpliity but will disuss
fully the ompat non-projetive ase and muh of the quasi-projetive ase in this paper.
THEOREM 1.1 Let X be a projetive surfae of Kodaira dimension less than 2 and sup-
pose that X is not birational to a K3 surfae whih is either ellipti or Kummer. Then
X is dominable by C
2
if and only if it does not satisfy property C. Equivalently, there is a
dominating holomorphi map F : C
2
! X if and only if there is a holomorphi image of C
in X whih is Zariski dense.
By a reent result of the seond named author, this theorem is also true for a projetive
surfae of Kodaira dimension 2, whih is the maximum Kodaira dimension for surfaes. As
previously mentioned, a surfae of Kodaira dimension 2 is not dominable by C
2
[Ko1℄; indeed,
a surfae of Kodaira dimension 2 is preisely a surfae whih admits a possibly degenerate
hyperboli volume form. Thus in the ase of Kodaira dimension 2, theorem 1.1 an be
established by showing that suh a surfae satises property C. The question of whether
a variety of maximum Kodaira dimension satises property C was rst raised expliitly by
Serge Lang [Lang℄.
In the following theorem we give, again modulo the above mentioned exeptions, a las-
siation of projetive surfaes whih are dominable by C
2
and hene a lassiation of
projetive surfaes of Kodaira dimension less than 2 whih fail to satisfy property C. We
will do this in terms of the Kodaira dimension and the fundamental group, both of whih
are invariant under birational maps.
THEOREM 1.2 A projetive surfae X not birationally equivalent to a K3 surfae is dom-
inable by C
2
if and only if it has Kodaira dimension less than two and its fundamental group
is a nite extension of an abelian group (of even rank four or less). If (X) =  1, then
the fundamental group ondition an be replaed by the simpler ondition of non-existene
2
of more than one linearly independent holomorphi one-form. If (X) = 0 and X is not
birationally equivalent to a K3 surfae, then X is dominable by C
2
. If X is birationally
equivalent to an ellipti K3 surfae or to a Kummer K3 surfae, then X is dominable by C
2
.
As with theorem 1.1, this theorem fails if we inlude ompat non-Kahler surfaes (even
after simple minded modiation of this theorem). For instane, the Kodaira surfaes are
dominable by C
2
but their fundamental groups are not nite extensions of abelian groups
([Ko4℄). But this theorem remains valid in the Kahler ategory, thanks, for example, to Ko-
daira's result that all Kahler surfaes are deformations of projetive surfaes ([Ko2℄, [Ko3℄).
More general versions of theorem 1.1 and theorem 1.2 for ompat omplex surfaes will
be given at the end of setion 4.
In the quasi-projetive ategory, we also prove the analogue of theorem 1.1 modulo the
same exeptions mentioned in the beginning, following mainly the work of Kawamata [K1℄
and M. Miyanishi [M℄. In this setting, the analogue of the fundamental group harateri-
zation requires the study of a new but very natural lass of objets of omplex dimensional
one that are related to orbifolds. As for expliit examples, we will work out theorems 1.1
and an analogue of 1.2 for the omplement of a redued urve C in P
2
in the ase when C
is normal rossing, where we show that dominability is haraterized by degC  3, and for
the overlapping ase in whih C is either not a rational urve of high degree or has at most
one singular point. Here, the most fasinating and revealing example is the ase in whih C
is a non-singular ubi urve, whose omplement is a nonompat analogue of a K3 surfae.
The question of the dominability of the omplement of a non-singular ubi was disussed
by Bernard Shiman at MSRI in 1996, and the positive resolution of this problem served as
the rst result in and inspiration for this paper.
The key tools we introdue here for onstruting dominating maps are the mapping
theorems we establish via a ombination of omplex geometry and analysis. One of these
theorems utilizes Kodaira's theory of Jaobian brations to deal with general ellipti bra-
tions (see setion 3). Other suh theorems onstrut the required self-maps of C
2
diretly
via omplex analysis to deal with C

-brations, abelian and Kummer surfaes.
In partiular, the onstrutions in setions 4 and 6 show that given any omplex 2-torus
and any nite set of points in this torus, there is an open set ontaining this nite set and
a dominating map from C
2
into the omplement of the open set. This should be ompared
with [Gr℄ in whih it was laimed that the omplement of any open set in a simple omplex
torus is Kobayashi hyperboli (a omplex torus is simple if it has no nontrivial omplex
subtori). There is no ontradition beause it was later realized that the proof given in [Gr℄
is inorret sine the topologial losure of a omplex one-parameter group need not be a
omplex torus. Despite this, the validity of this laim appears to have been an open question
until the urrent paper, whih shows the laim to be false in dimension 2. The n-dimensional
analogue of our result is given in [Bu℄.
Many of the tools and results we develop may be of interest to other areas of mathematis
besides omplex analysis and holomorphi geometry, espeially to Diophantine (arithmeti)
geometry in view of the onnetion between the transendental holomorphi properties and
arithmeti properties of algebrai varieties. For example, the important tehnique of on-
struting setions of ellipti brations, whih is very diÆult to ahieve in the algebro-
geometri ategory but ertainly useful in arithmeti and algebrai geometry, turns out to
3
be quite natural and relatively easy to do in the holomorphi ategory. Also, we undertake a
global study, from the viewpoint of holomorphi geometry, of the monodromy ation on the
fundamental group of an ellipti bration. Needless to say, without the deep and beautiful
ontributions of Kodaira on omplex analyti surfaes, we would not be able to go muh
beyond dealing with some speial examples, as is the ase with muh of the sare literature
on the subjet. However, we have not avoided, due to the nature of this joint paper, giving
elementary lemmas and proofs while avoiding the unneessary full fore of Kodaira's theory
on ellipti brations, espeially as we deal with brations over urves that are not neessarily
quasiprojetive.
The paper is organized as follows. Setion 2 introdues some basi birational invariants
and general notation and provides a list of the lassiation of projetive surfaes. Setion
3 deals with projetive surfaes not of zero Kodaira dimension and solves the dominability
problem ompletely for ellipti brations, inluding the non-algebrai ones. Setion 4 deals
with the remaining projetive and ompat omplex ases while setion 5 deal with the non-
ompat algebrai surfaes. Setion 6 goes beyond these theorems to deal with algebrai
surfaes minus small open balls.
We are very grateful to Bernard Shiman for posing the question whih motivated and
inspired this paper and for his onstant enouragement during its preparation.
2 Classiation of algebrai surfaes
In this setion we will rst introdue some basi invariants in the (logarithmi) lassiation
theory of algebrai varieties (see [Ii℄ for more details, also ompare with [Ue℄). Then we
will provide a list of the birational lassiation of projetive surfaes and disuss briey
the dominability problem in the quasi-projetive ategory. Finally, we will introdue the
more general ategory of ompatiable omplex manifolds and a basi invariant whih
distinguishes the algebrai ase in dimension two.
Let

X be a omplex manifold with a normal rossing divisor D. This means that around
any point q of

X, there exist a loal oordinate (z
1
; :::; z
n
) entered at q suh that, for some
r  n, D is dened by z
1
z
2
:::z
r
= 0 in this oordinate neighborhood. If all the omponents
of D are smooth, then D is alled a simple normal rossing divisor. Following Iitaka ([Ii℄),
we dene the logarithmi otangent sheaf 


X
(logD) as the loally free subsheaf of the sheaf
of meromorphi 1-forms, whose restrition to X =

X n D is idential to 

X
and whose
loalization at any point q 2 D is given by



X
(logD) =
r
X
i=1
O

X;q
dz
i
z
i
+
n
X
j=r+1
O

X;q
dz
j
;
where the loal oordinates z
1
; :::; z
n
around q are hosen as before. Its dual, the logarithmi
tangent sheaf T

X
( logD), is a loally free subsheaf of T

X
. We will follow a general abuse of
notation and use the same notation to denote both a loally free sheaf and a vetor bundle.
By an algebrai variety in this paper, we mean a omplex analyti spae X
0
suh that
X
0
has an algebrai struture in the following sense: X
0
is overed by a nite number of
neighborhoods, eah of whih is isomorphi to a losed analyti subspae of a omplex vetor
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spae dened by polynomial equations and whih piee together with rational oordinate
transformations. A proper birational map from X
0
to another variety X
1
is, by the graph
denition, an algebrai subvariety of X
0
X
1
whih projets generially one-to-one onto eah
fator as a proper morphism. If suh a map exists, we say that the two varieties are properly
birational. This notion orresponds to that of a bimeromorphi map in the holomorphi
ontext. Two algebrai varieties are said to be birationally equivalent if they have isomorphi
rational funtion elds; or equivalently, if they have birational ompatiations. Hironaka's
resolution of singularity theorem [Hi℄ (an elementary proof of whih an be found in [BM℄)
implies that given any algebrai variety X
0
, there is a smooth projetive variety

X with a
simple normal rossing divisor D suh that X =

X nD is properly birational to X
0
. If X
0
is smooth, then we an even take X to be X
0
so that X
0
an be ompatied by adding a
simple normal rossing boundary divisor. In this paper, a surfae will mean a omplex two
dimensional manifold while a urve that is not expliitly a subvariety (or a subsheme) will
mean a (not neessarily quasi-projetive) omplex one-dimensional manifold. All surfaes
and urves are assumed to be onneted. In partiular, every algebrai surfae is isomorphi
to the omplement of a nite set of transversely interseting smooth urves without triple
intersetion in some projetive surfae. We will use the Enriques-Kodaira lassiation of
ompat surfaes to simplify our problem for surfaes.
One of the most important invariants under proper birational maps is the (logarithmi)
Kodaira dimension. Let X
0
, X,

X, and D be as above, and let K

X
= det
C
(T
_

X
) where
T
_

X
is the omplex otangent bundle of

X. The (holomorphi) line bundle K

X
is alled
the anonial bundle of

X. Identifying a line bundle and its sheaf of holomorphi setions,
we dene a new line bundle K = K

X
(D) = K

X

 O(D) orresponding to the sheaf of
meromorphi setions of K

X
whih are holomorphi exept for simple poles along D (see
GriÆths and Harris [GH℄ among many other standard referenes). In fat,
K = det


X
(logD):
This line bundle on

X is alled the logarithmi anonial bundle of X =

X n D, or more
speially, of (

X;D). We will write tensor produts of line bundles additively by a standard
abuse of notation; for example, mK = K

m
. Given a projetive manifold

Y and a birational
morphism f :

Y !

X suh that f
 1
(D) is the same as a normal rossing divisor E in

Y , then
any setion of mK as a tensor power of rational 2-form on X pulls bak via f to a setion
of mK

Y
(E). Conversely, any setion of mK

Y
(E) pulls bak (via f
 1
) to a setion of mK
outside a odimension-two subset (the indeterminay set of f
 1
), whih therefore extends
to a setion of mK by the lassial extension theorem of Riemann. It follows that, for every
positive integer m, h
0
(mK) := dimH
0
(mK) is independent of the hoie of

X for X
0
and
is a proper birational invariant of X
0
. This allows us to introdue the following birational
invariant of X
0
.
DEFINITION 2.1 The Kodaira dimension of X
0
is dened as
(X
0
) = lim sup
m!1
log h
0
(mK)
logm
:
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The simpler notation (X
0
) is used when X
0
is projetive. The Riemann-Roh formula
shows that (X
0
) takes values in the set
f 1; 0; 1; :::; dimX
0
g:
By the same argument as that for h
0
(mK), we see that another proper birational invariant
is given by the (logarithmi) irregularity of X
0
dened by
q(X
0
) = h
0
(


X
(logD)):
If D = 0, then q(X
0
) is just the dimension of the spae of global holomorphi one-forms
q(X) = h
0
(

X
) on X.
If (X
0
) = dim(X
0
), then X
0
is alled a variety of general type. A theorem of Carl-
son and GriÆths [CG℄ (see also Kodaira [Ko1℄) says that X
0
annot be dominated (even
meromorphially) by C
n
in this ase. Hene for both theorem 1.1 and theorem 1.2, we need
onsider only those surfaes with Kodaira dimension less than 2.
A projetive surfae X whose anonial bundle has non-negative intersetion with (or,
equivalently, non-negative degree when restrited to) any urve in X is alled minimal. We
say that K
X
is nef (short for numerially eetive) in this ase. In general, we say that a
line bundle L on X is nef if L  C  0 for any urve C in X.
Every algebrai surfae is either projetive or admits a projetive ompatiation by
adding a set of smooth urves with at most normal rossing singularities. Moreover, the
Enriques-Kodaira lassiation [BPV, Ch. VI℄ says that a projetive surfae admits a bira-
tional morphism (as a omposition of blowing up smooth points) to one of the following.
(0) A surfae of general type:  = 2.
(1) P
2
or a ruled surfae over a urve C of genus g = h
0
(

C
) (that is, a holomorphi P
1
bundle over C). The latter is birationally equivalent to P
1
 C. Here,  =  1.
(2) An abelian surfae (a projetive torus given by C
2
/a lattie). Here,  = 0.
(3) A K3 surfae (a simply onneted surfae with trivial anonial bundle).  = 0.
(4) A minimal surfae with the struture of an ellipti bration (see setion 3.2).
Here  an be 0, 1, or  1.
The harateristi property of the surfaes listed above is the absene of ( 1)-urves. A
( 1)-urve is a smooth rational urve (image of P
1
) in a surfae with self-intersetion  1,
i.e. whose normal bundle has degree  1. From Castelnuovo's riterion [BPV, III4.1℄, a ( 1)
urve is always the blow-up of a (smooth) point on a surfae. A simple argument (via the
linear independene of the total transform of blown up ( 1)-urves in H
1
) shows that, given
any projetive surfae with  < 2, one an always reah one of the surfaes listed above by
blowing down ( 1)-urves a nite number of times. It is a standard fat that a projetive
surfae with   0 is minimal if and only if it does not have any ( 1)-urve, and that suh
a surfae is the unique one in its birational lass having this property.
Let X
0
be an algebrai surfae having a ompatiation

X
0
whih is birational to one
of the model surfaes listed above, say

X. There is a maximum Zariski open subset U of X
0
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that is properly birational to the omplement of a redued divisor C and a nite set T
0
of
points in

X. Now the indeterminay set of this proper birational map from X =

X nfC[Tg
to U  X
0
must onsist of a nite set of points. So to produe a dominating map from C
2
to X
0
, it suÆes to produe, for eah nite set of points T in

X, a dominating map from C
2
into the omplement of T in

X nC. Nevertheless,

X nC may not be dominable by C
2
when
X
0
is dominable by C
2
; for example, a point on X
0
may orrespond to an innitely near
point on

X over a point of C. However, if we think of X
0
as an open subset of the spae of
innitely near points of

X, then we an reover the equivalene in dominability through the
above proedure (see setion 5).
Although we have hosen to introdue and state our results so far in the algebrai ategory
for simpliity, we will in fat deal with a more general lass of surfaes in the next two
setions: the lass of ompatiable surfaes. These are Zariski open subsets of ompat
omplex surfaes and the invariants  and q arry over to them verbatim as they are dened
by ompatiations with normal rossing divisors, whih exist by omplex surfae theory. If
a surfae X is ompat, the transendeny degree a(X) of the eld of meromorphi funtions
on X is, by denition, a bimeromorphi invariant and is alled the algebrai dimension.
3 Compat surfaes with  6= 0 and a 6= 0
In this setion we solve the C
2
dominability problem for ompat surfaes whose Kodaira
dimension and algebrai dimension are both non-zero. The bulk of this setion is devoted
to the ase of ellipti brations, whih we treat ompletely, inluding all the nonompat
ases. In partiular, we solve our problem for every projetive surfae that is birational to a
minimal one listed in (1) and (4) above. Cases (2) and (3) will be disussed in setion 5.
3.1 Projetive surfaes with Kodaira dimension  1
Sine any P
1
-bundle over a urve C is birational to the trivial P
1
-bundle over C and sine P
2
is birational to P
1
P
1
, any projetive surfae X with (X) =  1 is birational to a surfae
Y whih is a trivial P
1
-bundle over a urve C of genus g := h
0
(

C
). In the ase where C is
of genus g > 1, any holomorphi image of C in Y must lie in a ber of the bundle sine C is
hyperboli. Hene X satises property C and so annot be dominated by C
2
. In the ase Y
is a P
1
bundle over an ellipti urve or over P
1
, one an easily onstrut a dominating map
from P
1
 C
1
and hene from C
2
whih respets the bundle struture (even algebraially in
the latter ase). In fat, by omposing with the map
(
1
; h
2
) : C
2
! C
2
(3.1)
where h : C ! C is holomorphi with presribed zeros (whih we an do by Weierstrass'
theorem) and 
1
; 
2
are the respetive projetions, we an arrange to have the dominating
map miss any nite subset in Y . Choosing this nite subset to be the set of indeterminaies
of the birational map from Y to X, this dominating map lifts to give a dominating map
into X. Sine P
1
admits no holomorphi dierentials and is simply onneted, we obtain,
respetively,
q(X) = q(Y ) = q(C) = g and 
1
(X) = 
1
(Y ) = 
1
(C):
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Coupling this with the fat that the fundamental group of a urve of genus greater than 1
is not a nite extension of an abelian group gives us the following.
THEOREM 3.1 If X is a projetive surfae with (X) =  1, then the following are
equivalent.
(a) X is dominable by C
2
.
(b) q(X) := h
0
(

X
) < 2.
() X admits a Zariski dense holomorphi image of C .
(d) 
1
(X) is a nite extension of an abelian group.
3.2 Ellipti brations
If X is any ompat non-projetive surfae with a(X) 6= 0, then X is an ellipti surfae
by [Ko2℄. Also, if X is projetive and (X) = 1, then X is again an ellipti surfae by
lassiation. Hene the only remaining ases of  6= 0 and a 6= 0 are ellipti surfaes. In
this setion we resolve ompletely the ase of ellipti surfaes.
DEFINITION 3.2 An ellipti bration is a proper holomorphi map from a surfae to
a urve whose general ber is an ellipti urve, i.e., a urve of genus one. Suh a surfae
is alled an ellipti surfae. An ellipti bration is alled relatively minimal if there are no
( 1)-urves on any ber.
Note that an ellipti bration struture on a minimal surfae must be relatively minimal.
Let f : X ! C be a bration (i.e. a proper holomorphi map with onneted bers)
between omplex manifolds X and C. If f
0
: X
0
! C
0
is another map where C
0
 C, then
a map h : X
0
! X is alled ber-preserving if f Æ h = f
0
. If rank(df) = dim C at every
point on a ber X
s
= f
 1
(s), then X
s
must be smooth by the impliit funtion theorem. If
rank (df) < dim C somewhere on X
s
, then X
s
is alled a singular ber. Outside the singular
bers, all bers are dieomorphi by Ehresmann's theorem.
In the ase f is a bration of a surfae X over a urve C, then eah ber, as a subsheme
via the struture sheaf from C, is naturally an eetive divisor on X as follows. We write
X
s
=
P
n
i
C
i
where eah C
i
is the i-th omponent of the ber (X
s
)
red
(without the sheme
struture) and where n
i
 1 is the vanishing order of df for a generi point on C
i
. The positive
integer oeÆient n
i
is alled the multipliity of the i-th omponent. The multipliity of a
ber X
s
=
P
n
i
C
i
is dened as the greatest ommon divisor n
s
of fn
i
g. A ber X
s
with
n
s
> 1 is alled a multiple ber. A smooth ber is then a ber of multipliity one having
only one omponent. The singular bers form a disrete set in X by analytiity. We will
assume this setup for X and C from now on.
Let  :
~
C ! C be a nite proper morphism. The ramiation index at a point ~s 2
~
C
is dened as the vanishing order of d at ~s plus one. Suppose  has ramiation index n
s
at every point above s 2 C and suppose that this is true for every s 2 C. Then, aording
to [BPV, III, Theorem 9.1℄, pulling bak the bration via this ramied over yields an
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unramied overing
~
X over X. Also, the resulting bration
~
X !
~
C no longer has any
multiple bers. Suh a ramied overing
~
C is alled an orbifold overing of C with the given
branhed (orbifold) struture on C. More generally we have:
DEFINITION 3.3 Given a urve C with an assignment of a positive integer n
s
for eah
s 2 C suh that the set S = fs 2 Cj n
s
> 1g is disrete in C, dene D =
X
n
s
>1

1 
1
n
s

s.
Suppose  :
~
C ! C is a holomorphi map suh that  :
~
C n
 1
(S)! C nS is an unramied
overing and suh that, for eah point s 2 S, every point on
~
C above s has ramiation
index n
s
. Then
~
C is alled an orbifold overing of the orbifold (C;D). If also
~
C is simply
onneted, then
~
C is alled a uniformizing orbifold overing. A bration over C denes a
natural (branhed) orbifold struture D on C by assigning n
s
to be the multipliity of the
ber at s of the bration.
Therefore, we have the following:
PROPOSITION 3.4 Let X be a bration over C. Let n
s
denote the multipliity of the
ber X
s
for every point s 2 C, thus endowing C with an orbifold struture D as above. Let
~
C be an orbifold overing of (C;D). Then the pull bak bration
~
X !
~
C has no multiple
bers and
~
X ! X is an unramied holomorphi overing map.
3.2.1 The Jaobian Fibration
We rst begin with a preliminary disussion in the absolute ase, the ase where the base is
just one point.
Let Z be a one dimensional subsheme (or a urve) in a omplex projetive surfae. The
arithmeti genus of Z, dened by p
a
(Z) = h
1
(O
Z
) := dim
C
H
1
(O
Z
), is equal to the geometri
genus when Z is smooth. Assume now that Z is an arbitrary ber in an ellipti bration.
Sine p
a
is an invariant in any algebrai family of urves ([Ha, III, or. 9.13℄), we have
p
a
(Z) = 1 and soH
1
(O
Z
) = C : From the exponential exat sequene 0! Z! O ! O

! 0,
we onstrut the ohomology long exat sequene over Z to dedue:
0 ! H
1
(Z;Z)
i
! H
1
(O
Z
) ! H
1
(O

Z
)
Æ
! H
2
(Z;Z)! 0
jj jj jj jj
a Z-module C Pi(Z) Z
Fat: (Let Z be non-singular.) Pi(Z) is naturally identied with the spae of holomorphi
line bundles over Z, whih, in our ase of p
a
= 1, is a 1-dimensional omplex Lie group under
tensor produt. Every line bundle L an be written as O(E) for some divisor E =
P
a
i
s
i
(a
i
2 Z; s
i
2 Z) and Æ(L) = degE :=
P
a
i
.
DEFINITION 3.5 Pi
0
(Z) := ker Æ is the subgroup of Pi(Z) of line bundles L with trivial
rst Chern lass 
1
(L) := deg(L).
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If Z is a smooth ellipti urve with a base point , we an onstrut a group homomor-
phism from Z to Pi
0
(Z) by the map
x 2 Z
f
7! O(x  ) 2 Pi
0
(Z):
LEMMA 3.6 The map f is holomorphi, one-to-one and hene onto.
Proof: As f is holomorphi by onstrution, we need to prove only that it is one-to-one.
Assume not, so that O(x   ) = O(x
0
  ) where x 6= x
0
. Then O(x   x
0
) orresponds to
the trivial line bundle over Z and so Z has a rational funtion with a simple pole at x
0
and
a simple zero at x. This gives a 1-1 and hene surjetive holomorphi map from Z, whih
has genus 1, to P
1
, whih has genus 0. This is a ontradition.
Note: Pi
0
(Z) = H
1
(O
Z
)=i(H
1
(Z;Z)):
We now return to the ase in whih the base is a urve.
Given an ellipti bration f : X ! C without multiple bers, one an onstrut a relative
version of Pi
0
as follows (see [BPV, p. 153℄). We rst form the O
C
module
Ja(f) = f
1
(O
X
)=f
1
Z
over C. Sine p
a
(X
s
) = 1 for every ber, it follows that f
1
(O
X
) is loally free of rank 1 (by
a well known theorem of Grauert) and hene is the sheaf of setions of a line bundle L over
C. Hene Ja(f) orresponds to the sheaf of setions of
Ja(f) := L=f
1
Z;
whih is a holomorphi bration of omplex Lie groups with a zero setion (see [Ko2℄, ompare
also [BPV, V.9℄). Note that when X
s
is smooth ellipti, (f
1
Z)
s
= H
1
(X
s
;Z) whih embeds
in L
s
= H
1
(O
X
s
) = C . So Ja(f)
s
= Pi
0
(X
s
). Note also that Ja(f) is a holomorphi
quotient of a line bundle L over C.
We have the following theorem from Kodaira [Ko2℄ (see [BPV, V9.1℄).
PROPOSITION 3.7 Let f : X ! C be a relatively minimal ellipti bration over a urve
C with a holomorphi setion  : C ! X. Let X
0

onsist of all irreduible omponents of
bers X
s
not meeting (C), and let X

= X nX
0

. Then there is a anonial ber-preserving
isomorphism h from Ja(f) onto X

mapping the zero-setion in Ja(f) onto (C).
Hene it is useful to onstrut holomorphi setions of ellipti brations for whih we
develop the following key lemma.
LEMMA 3.8 Given a relatively minimal ellipti bration f : X ! C without multiple
bers, assume C is non-ompat. Then f has a holomorphi setion. Furthermore, given
a ountable subset T of X whose image f(T ) is disrete in C, the setion an be hosen to
avoid T .
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Proof: From Kodaira's table of non-multiple singular bers ([Ko2℄ or [BPV, Table 3 p.
150℄), we see that every ber whih is not multiple in a relatively minimal ellipti bration
has a omponent of multipliity one. So, every point on C admits a neighborhood with
a setion. We now hoose a loally nite good overing of C by open sets U
1
; U
2
; :::; with
setions 
1
; 
2
; ::: of f j
U
1
; f j
U
2
; :::; respetively. We may further stipulate that there are no
singular bers on the intersetion of any two U
j
's.
Let L = f
1
O
X
, whih is a holomorphially trivial line bundle over C sine C is Stein.
Let U  C be open and 
0
2 H
0
(U; L) a setion. If  is a setion of f j
U
, then we an form the
setion  + 
0
of f j
U
by proposition 3.7. By the same proposition and the fat that all bers
are ellipti urves over U
i
\ U
j
, there is a setion 
0
ij
2 H
0
(U
i
\ U
j
; L) suh that 
i
+ 
0
ij
= 
j
on U
i
\ U
j
.
As f
0
ij
g satises the oyle ondition, so does f 
0
ij
g. By the solution to the lassial
additive Cousin problem (or from the fat that H
1
(fU
i
g; L) = H
1
(C;L) = H
1
(C;O) = 0
by Leray's theorem, Dolbeault's isomorphism, and the fat that C is Stein), one an nd
holomorphi setions 
0
i
2 H
0
(U
i
; L) suh that 
0
i
  
0
ij
= 
0
j
. Then 
i
+ 
0
i
= 
j
+ 
0
j
on U
i
\U
j
for all i; j. This gives rise to a global setion of f : X ! C.
Given suh a global setion, proposition 3.7 gives a ber-preserving dominating map
F : L ! X where F
 1
(x)  L is at most a ountable disrete set for all x in X. Hene
F
 1
(T ) is also a ountable set and is supported on the bers of L over f(T ). For eah
s 2 f(T ), therefore, we may hoose a point q
s
in L nT . As L is isomorphi to the trivial line
bundle (C being non-ompat), the lassial interpolation theorems of Mittag-Leer and of
Weierstrass give us a holomorphi setion  of L with the presribed value q
s
for all s 2 T .
But then F Æ  is a setion of f whih avoids T . This ompletes the proof.
3.2.2 Theorem 1.1 in the ase of ellipti brations
THEOREM 3.9 Let f : X ! C be a relatively minimal ellipti bration with a nite
number of multiple bers. Assume that C is a Zariski open subset of a projetive urve

C.
Let n
s
be the multipliity of the ber X
s
. Then the following are equivalent.
(a) X is dominable by C
2
.
(b)  := 2  2g(C) #(C n C) 
X
n
s
2
(1 
1
n
s
)  0.
() There exists a holomorphi map of C to X whose image is Zariski dense.
Remark 1:  = (C;D) is the orbifold Euler harateristi of (C;D). It an be written as
(C;D) = 2  2g(C) 
X
s2C
(1 
1
n
s
) if we set n
s
=1 for s 2 C n C (where
1
1
= 0). Hene,
if we omplete the Q -divisor D =
X
s2C
(1 
1
n
s
)s to D =
X
s2C
(1 
1
n
s
)s on C, then
(C;D) = 2  2g(C)  degD:
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Proof of theorem: The pair (C;D) denes an orbifold as given in denition 3.3. We will
show that (a) holds if (C;D)  0 while property C holds for X (that is, () fails to hold)
if (C;D) < 0. This will onlude the proof.
From the lassial uniformization theorem for orbifold Riemann surfaes (see, for example,
[FK, IV 9.12℄), (C;D) has a uniformizing orbifold overing
~
C whih is P
1
, C or D aording
to (C;D) > 0, (C;D) = 0 or (C;D) < 0 respetively, unless C = P
1
and D has one or
two omponents. In the latter (\unless") ase, we simply redene C to be the omplement
of the omponents of D in P
1
and reset D to be 0, shrinking X as a result. We an do this
beause it does not hange the fat that (C;D)  0 and beause one we show that the
resulting X is dominable by C
2
, the original X is also.
By pulling bak the bration to
~
C, we obtain a relatively minimal ellipti bration Y
over
~
C. Now, proposition 3.4 implies that the natural map from Y to X is an unramied
overing. Hene any holomorphi map from C to X must lift to a holomorphi map to Y .
It follows that if
~
C = D , then any suh map must lift to a ber and hene its image in X
must lie in a ber. So, property C holds and X annot be dominated by C
2
in this ase.
It remains to show that X is dominated by C
2
in the ase
~
C = C or P
1
to omplete the
proof of this theorem. Note that the latter ase an be redued to the former by simply
removing a point from
~
C. Hene, we may take
~
C to be C whih is non-ompat. Lemma 3.8
now applies to give a setion of the pullbak bration
~
f : Y ! C . By proposition 3.7, Y is
dominated by Ja(
~
f) whih in turn is dominated by a line bundle L over C by onstrution.
Hene X is dominated by L = C
2
(sine any line bundle over C is holomorphially trivial)
as required.
Now, let f
0
: X
0
! C be an arbitrary ellipti bration. By ontrating the ( 1)-urves
on the ber, we get a bimeromorphi map  from X
0
to a surfae X having a relatively
minimal ellipti bration struture over C. As before, X denes an orbifold struture D on
C. If X has an innite number of multiple bers or if C is not quasi-projetive, then D is
the universal overing of (C;D) and onditions (a) and () of this theorem both fail for X.
Otherwise the above theorem an be applied to onlude that onditions (a) and () are still
equivalent for X. Let T be the indeterminay set of 
 1
. By examining the last paragraph
of the above proof, we see that lemma 3.8 atually applies to give us a dominating map from
the trivial line bundle L over
~
C to X, and the zero-setion of L maps to a setion of f that
avoids T . Composing with a self-map of L given by a setion of L with presribed zeros (just
as in equation 3.1) then gives us a dominating map from L to X whih avoids T . Hene,
if X is dominable by C
2
, then X
0
is also. It is lear that X
0
satises property C if X does.
Hene, we obtain the following, whih overs theorem 1.1 in the ase of ellipti surfaes.
THEOREM 3.10 Let f : X ! C be an ellipti bration. Then onditions (a) and () of
theorem 3.9 above are equivalent for X; that is, dominability by C
2
is equivalent to having a
Zariski-dense holomorphi image of C .
Note that we do not require C to be quasi-projetive in this theorem.
3.2.3 An algebro-geometri haraterization
In this setion, we will give, without proof, a haraterization of dominability by C
2
for
a projetive ellipti bration in terms of familiar quantities in algebrai geometry and not
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involving the fundamental group. Unfortunately, the ondition given is not straightforward
nor does it seem very tratable. Hene, we will leave the proof (whih is based on the simple
fat that the saturation of the otangent sheaf of the base, pulled bak by the bration map,
inludes the orbifold otangent sheaf as a Q subsheaf) to the reader. We will deal only with
the ase of  = 1 sine the other possibility of  = 0 ontains the, so far, problemati K3
surfaes. However, all surfaes with  = 0 other than the K3's are dominable by C
2
. We
note that from the lassiation list in setion 2, a surfae with  = 1 is neessarily ellipti.
Before the statement of the following proposition, reall that a vetor sheaf is alled big if it
ontains an ample subsheaf. Reall also that a divisor in a surfae is nef if its intersetion
with any eetive divisor is non-negative.
PROPOSITION 3.11 Let X be a projetive surfae with (X) = 1. Then X is dominable
by C
2
if and only if there exists a nef and big divisor H suh that, for every nef divisor N
with K
X
N = 0, there exists a positive integer m with S
m


X
(H  N) big.
It is not diÆult to extrat a birational invariant out of this from Q -subsheaves of the
otangent sheaf of suh an ellipti surfae; again we leave this to the interested reader.
In the remainder of this setion, we give a more satisfatory and elementary harateri-
zation of dominability, now in terms of the fundamental group.
3.3 The fundamental group of an ellipti bration
We begin with the remark that, exept for our narrow fous on holomorphi geometry, most
of the results we obtain in this setion are not presumed to be new.
Let f : X ! C be an ellipti bration. Then the bration determines a branhed orbifold
struture D on C as given in denition 3.3. Let C
Æ
be the omplement of the set of branh
points in C. Then X
Æ
= f
 1
(C) is an ellipti bration dened by f
Æ
= f j
X
Æ
, whih has
no multiple ber. Let X
0
be the omplement of the singular bers in

X. Then f
0
= f j
X
0
denes a smooth bration over a urve C
0
 C, and is therefore dierentiably loally trivial
by Ehresmann's theorem. We have the following ommutative diagram.
X
0
,! X
Æ
,! X
f
0
# f
Æ
# # f
C
0
,! C
Æ
,! C
(3.2)
We rst observe the following trivial lemma for our onsideration of 
1
(X). Throughout
this setion, all paths are assumed to be ontinuous.
LEMMA 3.12 Assume that we are given a real odimension two subset W of X and a path
 : [0; 1℄ ! X suh that (0) and (1) lies outside W . Then  is homotopi to a path that
avoids W keeping the end points xed.
Proof: We rst impose a metri on X. Sine [0; 1℄ is ompat, there is an integer n suh that
([(i   1)=n; i=n℄) is ontained in a geodesially onvex open ball B
i
for all i 2 f1; 2; :::; ng.
Then the intersetion of these balls are also geodesially onvex and, in partiular, onneted.
Now replae (i=n) by a point in B
i
T
B
i+1
nW for eah integer i 2 [1; n  1℄. Then replae
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j
[(i 1)=n;i=n℄
by a path inB
i
nW onneting ((i 1)=n) with (i=n), for eah integer i 2 [1; n℄.
This is possible beause the omplement of W in eah of the open balls is onneted as W is
of real odimension two in them. Sine the balls are ontratible and interset in onneted
open sets, we see that the new path is homotopi to the original one xing the end points
but now avoids W .
If the path  given above has the same end points, that is (0) = (1), then we all  a
loop. We will often identify  with its image.
For the next two propositions, we observe from Kodaira's table of singular bers (see
[BPV, V.7℄) that, for a ber X
s
of an ellipti bration (as a topologial spae or a simpliial
omplex), 
1
(X
s
) is either Z  Z (orresponding to a nonsingular ellipti urve), Z (or-
responding to the (semi-)stable singular bers), or the trivial group (orresponding to the
other singular bers).
PROPOSITION 3.13 Let f : X ! C be an ellipti bration. In the ase C = P
1
, let X
1
be a multiple ber if one exists. Assume f has no multiple bers exept possibly for X
1
and
that C is simply onneted. Then 
1
(X) is a quotient of 
1
(X
s
) for every ber outside X
1
.
In partiular, 
1
(X) is abelian.
Proof: Sine ontrating ( 1)-urves does not hange the fundamental group, we may
assume without loss of generality that f is relatively minimal. Let X
s
be an arbitrary ber.
Being a CW-subomplex of X, it is a deformation retrat of a small neighborhood U whih
we may assume to ontain a smooth ber X
s
0
nearby. Sine X is path onneted, we an
hoose any base point in onsidering its fundamental group. Fix then a base point q 2 X
s
0
and a loop Q with this base point. We will show that Q is pointed homotopy equivalent in
X to a loop in X
s
0
 U . The theorem then follows as X
s
is a deformation retrat of U .
Sine the singular bers form a real odimension two subset, we an modify Q to avoid
them up to pointed homotopy equivalene by lemma 3.12 above. In the ase C = P
1
but
X
1
is not already given, let X
1
be a ber outside U and Q. Sine every homotopy (of Q) in
XnX
1
is also one inX, we may safely replaeX byXnX
1
so that C beomes ontratible in
this ase. Hene, we may assume in all ases that C is ontratible and that Q is a loop inX
0
,
the omplement of the singular bers in X. So lemma 3.8 and proposition 3.7 apply to give
an isomorphism from Ja(f) to X with parts of the singular bers omplemented. Hene,
we get, by onstrution of Ja(f), a map  from a holomorphially trivial line bundle L over
C to X whih is an unramied overing above X
0
 X. Fixing a point q
0
2 
 1
(q)  L
s
0
,
we see that Q an be lifted to a path
~
Q in L from q
0
to a point q
1
2 L
s
0
by the theory
of overing spaes. As C is ontratible, there is a homotopy retration of L to L
s
0
whih
provides a pointed homotopy of
~
Q to a path in L
s
0
. Pushing down this homotopy (via ) to
X gives a pointed homotopy from Q to a loop in X
s
0
as required.
Looking bak at the above proof, we see that we an reah the same onlusion by
allowing X
s
to be a multiple ber as long as C is ontratible and X is free of other multiple
bers. This an be done by ontrating the loop Q, as given in the proof, but only to the
neighborhood U of X
s
before homotoping to X
s
via the deformation retration of U to X
s
.
Of ourse, X
s
as stated in the theorem is no longer arbitrary in this ase as it is a multiple
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ber. If C = P
1
and D has two omponents (orresponding to X having two multiple bers),
we an remove one of the omponents (orresponding to removing one multiple ber from
X) for the same onlusion. We reall that
D =
X
s2C

1 
1
n
s

s
denes the orbifold struture on X where n
s
is the multipliity of the ber X
s
. Hene, we
get a omplement to the above proposition.
PROPOSITION 3.14 Let f : X ! C be an ellipti bration dening the orbifold struture
D on C. If C = P
1
and D has one or two omponents, or if C is ontratible and D has one
omponent, then 
1
(X) is a quotient of 
1
(X
s
) for every omponent s of D. Hene, 
1
(X)
is abelian in these ases.
3.3.1 Monodromy ation as onjugation in the fundamental group
Although it is not absolutely neessary, some familiarity with the notion of monodromy and
vanishing yles used in geometry may be useful for reading this setion.
Let the setup be as in diagram 3.2 and let X
r
be a non-singular ber. Fix a base point q
in X
r
for all fundamental group onsiderations from now on. There is an ation of 
1
(X
0
; q)
on 
1
(X
r
; q) via the monodromy ation whih, in the ase C
0
is not P
1
, is just the onjugation
ation in 
1
(X
0
; q). Indeed, in this ase, we have the following exat sequene from the theory
of ber bundles (or from elementary overing spae theory)
0! 
1
(X
r
; q)! 
1
(X
0
; q)! 
1
(C
0
; r)! 0; (3.3)
from whih we dedue that the monodromy ation is really an ation of 
1
(C
0
; r) on 
1
(X
r
; q)
sine the latter is abelian.
In general, we will let H denote the image of 
1
(X
r
; q) in 
1
(X; q) under the inlusion of
X
r
in X. It is easy to see that H is a normal subgroup in 
1
(X) (by the denition of the
monodromy ation). In this paper, we will be mainly interested in the monodromy ation
on H. As opposed to the usual ase of the monodromy ation on the homology level, this
ation need not be trivial, unless we know, for example, that 
1
(X; q) is abelian. Hene, it
is of interest for us to know how far 
1
(X; q) is from abelian.
With the same setup, suppose (C;D) has a uniformizing orbifold over
~
C. This is the
ase unless

C = P
1
and

D has one or two omponents, again by the uniformization theorem
([FK, IV 9.12℄). In the latter ases, proposition 3.14 and proposition 3.13 tell us that 
1
(X)
is abelian so that the monodromy ation on H is trivial. In all other ases, let
~
f :
~
X !
~
C be
the pullbak bration. Proposition 3.4 implies that
~
X is an unramied over over X. Let R
be the overing group and G = 
1
(X). From the theory of overing spaes, we know that G
is an extension of 
1
(
~
X) by R. Sine 
1
(X
r
) surjets to 
1
(
~
X)  
1
(X) by proposition 3.4,
we see that
H = 
1
(
~
X):
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Note that R is a quotient of 
1
(C
Æ
) and hene also of 
1
(C
0
), allowing us to identify the
onjugation ation of R on H with the monodromy ation. Hene, we have the following
exat sequene (whih we an regard as a quotient of the exat sequene 3.3)
0! H ! G! R! 0: (3.4)
The following proposition tells us that this monodromy ation on H via loops in X
0
, whih
indues the onjugation ation of R on H, depends only on the pointed homotopy lass of
the image of these loops in C. Hene, the monodromy ation on H is really an ation by
the group 
1
(C), whih is a quotient of R. In partiular, it tells us that the ation is trivial
when C is simply onneted. This is the losest analogue, on the level of 
1
, of the fat that
vanishing yles are vanishing on the level of homology.
PROPOSITION 3.15 Let f : X ! C be an ellipti bration. Let X
r
be a non-singular
ber with a base point q. If ,  and  are loops based at q with  in X
r
, and f Æ is pointed
homotopi to f Æ  in C, then 
 1
 is pointed homotopi in X to 
 1
.
Proof: We may assume, via lemma 3.12, that  and  lie in X
0
. Let h : [0; 1℄ [0; 1℄! C
be a pointed homotopy between f Æ  and f Æ , whih exists by assumption. Note that
(f Æ )(f Æ )
 1
= h
 
([0; 1℄ [0; 1℄)

as loops up to pointed homotopy equivalene, where  means the oriented boundary. Our
onlusion would follow if we show that the monodromy ation of this latter loop, all it ,
on  is trivial in 
1
(X).
By ompatness of h([0; 1℄ [0; 1℄), there is a partition f0 = a
0
< a
1
< ::: < a
n
= 1g of
[0; 1℄ suh that h([a
i 1
; a
i
℄  [a
j 1
; a
j
℄) is ontained in an open disk D
ij
ontaining at most
one branh point and suh that the loop

ij
:= h
 
([a
i 1
; a
i
℄ [a
j 1
; a
j
℄)

lies in X
0
, for all i; j 2 f1; 2; :::; ng. Sine 
1
 
f
 1
(D
ij
)

is abelian by proposition 3.14, the
monodromy ation of 
ij
on any pointed loop in the ber is trivial in 
1
(f
 1
(D
ij
)), and
hene in 
1
(X) as well, for all i; j 2 f1; 2; :::; ng. Our result now follows from the fat that
the monodromy ation of  is just the sum of the monodromy ation of the 
ij
's.
We an do a bit better when X is ompat.
LEMMA 3.16 With the setup as in the above proposition, assume further that either X is
ompat or X is a holomorphi ber bundle over C. Then an integer m exists, independent
of , suh that 
m
ommutes with  in 
1
(X).
Proof: Let H be the image of 
1
(X
r
) in 
1
(X). We may assume, as before, that f is
relatively minimal.
If X has a singular ber, then H is yli and hene the result follows from the fat that
the automorphism group of a yli group is nite.
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If X is a holomorphi ber bundle over C, then the monodromy ations an be realized
as holomorphi automorphisms of the ber. The group of suh automorphisms is a nite
yli extension of the group of lattie translations (this an be dedued easily or determined
from the table in V.5 of [BPV℄ listing suh groups). Hene every monodromy ation up to a
power is a translation on the ber, whih therefore leaves every element of 
1
(X
r
) invariant.
If X is ompat and has no singular bers, then it is a holomorphi ber bundle by
Kodaira's theory of Jaobian brations. So the result follows by the last paragraph.
If X is non-ompat and f is algebrai without singular bers, then the onlusion of
this lemma may no longer hold. Neverthless, we an embed X in a projetive surfae

X,
whih is again ellipti. Deligne's Invariant Subspae Theorem [Del℄ implies that elements in

1
(X
r
) whih vanish in 
1
(X) are generated over Q by ommutators of the form given by
this lemma. But we an dedue this diretly from the fat that the abelianization of 
1
(

X)
must have even rank so that either H lies in the enter of 
1
(

X) (in the ase when

X is
birational to an ellipti ber bundle) or the ommutator subgroup of 
1
(

X) generates H over
Q . In fat, Kodaira's theory allows us to dedue a strong version of the Invariant Subspae
Theorem (in the ase of ellipti brations) whih is valid even outside the algebrai ategory:
PROPOSITION 3.17 Let f : X ! C be an ellipti bration without singular bers and
suh that C is the omplement of a disrete set in a quasi-projetive urve. Let X
r
be a ber.
Then either f is holomorphially loally trivial or 
1
(X
r
) 
 Q = H
1
(X
r
) 
 Q is generated
by the vanishing yles | that is, by loops of the form 
 1

 1
 (naturally identied as
elements of 
1
(X
r
) via monodromy) in the notation of proposition 3.15, where  is a loop in
X
r
.
We remark that a weaker form of this proposition is in fat due to Kodaira and is disguised
in the proof of theorem 11.7 in [Ko2℄. We will follow his method, almost verbatim, in our
proof.
Proof: We begin with some preliminaries onerning the period funtion z(s), whih takes
values in the upper half plane. Reall that, as far as monodromy ations are onerned, we
an identify  2 
1
(X) with an element of 
1
(C), whih we will denote again as  by abuse
of notation.
By theorem 7.1 and theorem 7.2 of [Ko2℄ (neither of whih requires the additional as-
sumption of that setion onerning the ompatiation), we have a multivalued holomor-
phi period funtion z(s) on C with positive imaginary part suh that, under the monodromy
representation () 2SL(2;Z) of  2 
1
(C) as an automorphism of the lattie H
1
(X
r
) with a
xed hoie of basis, z(r) transforms as


: z(r) 7 !
az(r) + b
z(r) + d
; where () =

a b
 d

2 SL(2;Z)
under our hoie of basis. By denition, (1; z(s)) is the period dening the ellipti urve X
s
via analyti ontinuation of (1; z(r)), whih is xed by our hoie of basis on H
1
(X
r
) (see
equation 7.3 in [Ko2℄).
With a hoie of basis over the point r xed, we an regard the period funtion z as a
single valued holomorphi funtion on the universal over
~
C. Also, we an naturally identify
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1
(C) with the overing transformation group of
~
C over C. Then we have (see equation 8.2
in [Ko2℄)
z(()) = 

z() =
az() + b
z() + d
; where () =

a b
 d

and  2
~
C:
Let M denote the submodule of 
1
(X
r
) = H
1
(X
r
) = Z Z generated by the vanishing
yles. After a suitable hange of basis, we may assume that M = nZmZ  ZZ, where
m and n are integers. If M does not generate H
1
(X
r
) over Q , then either m or n must
vanish. If m vanishes, then we must have
() =

1 b

0 1

(for some b

2 Z);
and therefore z(()) = z() + b

for all  2 
1
(C). Sine the imaginary part of z(s) is
positive, exp[2iz(s)℄ denes a single valued holomorphi funtion on C with modulus less
than 1. Hene, it must extend to a bounded holomorphi funtion on the ompatiation

C of C and therefore must be onstant. It follows that z(s) is onstant and so the bration
is loally holomorphially trivial. If n vanishes, then
() =

1 0


1

(for some 

2 Z);
and therefore
1=z(()) = 1=z() + 

:
Hene, onsidering exp[ 2i=z(s)℄ instead of exp[2iz(s)℄ gives us the same onlusion. This
ends our proof.
In order to study G = 
1
(X), we need some information about its quotient R. This is
fortunately a lassial subjet that we now turn to.
3.3.2 Fuhsian groups versus elementary groups
In this setion, we will ollet some basi denitions and fats that we will need about
Kleinian groups. We refer the reader to [FK, IV.5-IV.9℄ and [Mas, I-V℄ for more details.
Let (C;D) be an orbifold and let
~
C be its uniformizing orbifold overing with overing
group R whih ats holomorphially on
~
C. Sine
~
C = P
1
; C or D , all of whih have natural
embeddings into P
1
, R an be identied as a subgroup of the group M of holomorphi
automorphisms of P
1
, the group of Mobius transformations. So identied, R beomes a
Kleinian group; that is, a subgroup of M with a properly disontinuous ation at some
point, and hene in some maximum open subset 
, of P
1
. The set of points  = P
1
n 

where R does not at properly disontinuously is alled the limit set of R.
An elementary group is a Kleinian group R with no more than two points in its limit set.
Suh a group ats properly disontinuously on   P
1
, where  is P
1
, C or C

.
By a Fuhsian group, we mean a Kleinian group R with with a properly disontinuous
ation on some disk D  P
1
suh that D =R is quasi-projetive; that is, D is the uniformizing
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orbifold overing of an orbifold (C;D) where C = D =R is quasi-projetive. If D has nitely
many omponents, then (X;D) is known as a nite marked Riemann surfae and R is alled
basi. The limit set of a Fuhsian group neessarily ontains the boundary of D (whih
haraterizes Fuhsian groups of the rst kind in the literature). It follows that a Fuhsian
group annot be an elementary group. We an also see this diretly as follows.
LEMMA 3.18 An elementary Kleinian group is not a Fuhsian group.
Proof: Let R be an elementary Kleinian group, then R ats properly disontinuously on
 = P
1
; C or C

as a subset of P
1
. If R also ats on a disk D  P
1
, then the boundary of this
disk with at most two points removed is ontained in . Sine R is properly disontinuous
on , and hene on this puntured boundary, D =R is not quasi-projetive. Hene R is not
Fuhsian.
The following is a diret onsequene of the uniformization theorem.
PROPOSITION 3.19 Let (C;D) be a uniformizable orbifold where D has a nite number
of omponents. Let R be the uniformizing orbifold overing group of (C;D) properly regarded
as a Kleinian group. Then (C;D) < 0 if and only if R is a Fuhsian group while (C;D) 
0 if and only if R is an elementary group.
The reader is autioned that lemma 3.18 is not a orollary of this sine the denition of
an elementary group is more general than that given in this proposition.
Conerning R as an abstrat group, proposition 3.19 and the basi theory of elementary
Kleinian groups (see [Mas, V.C and V.D℄ or [FK, IV 9.5℄) gives:
PROPOSITION 3.20 With the same setup as proposition 3.19, assume that (C;D)  0.
Then there is a nite orbifold overing
~
C of (C;D) suh that
~
C = P
1
, C

or an ellipti urve.
In partiular, R is a nite extension of a free abelian group of rank at most two.
Quoting [Mas, V.G.6℄, using lemma 3.18 and proposition 3.20, we have:
PROPOSITION 3.21 Let R be a Fuhsian group as dened above. Then R is not a nite
extension of an abelian group. Hene, R is not isomorphi to an elementary group as an
abstrat group.
3.3.3 The fundamental group haraterization in theorem 1.2
Before stating the main theorem of this setion, we need the following proposition from
[BPV, V.5℄. We rst note from the same soure that an ellipti ber bundle over an ellipti
urve is alled a primary Kodaira surfae if it is not Kahler. A non-trivial free quotient of
suh a surfae by a nite group is alled a seondary Kodaira surfae. The fundamental
group of suh a surfae is unfortunately not a nite extension of an abelian group, even
though the surfae is C
2
-dominable.
PROPOSITION 3.22 An ellipti ber bundle over an ellipti urve is either a primary
Kodaira surfae, or a free and nite quotient of a ompat omplex 2-dimensional torus.
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Armed with this, we are ready to takle our seond main theorem, theorem 1.2, in the
ase of ellipti brations. We will state a more general theorem:
THEOREM 3.23 Let f : X ! C be an ellipti bration with C quasi-projetive. Assume
that X is not bimeromorphi to a free and nite quotient of a primary Kodaira surfae. Then
X is dominable by C
2
if and only if 
1
(X) is a nite extension of an abelian group (of rank
at most 4).
Proof: With the assumptions as in the theorem, we let G = 
1
(X) as before. By the same
argument as that for theorem 3.10, we may assume, without loss of generality, that X is
relatively minimal by ontrating the ( 1)-urves (as G is unhanged in this proess). If X
has an innite number of multiple bers, then the orbifold (C;D) is uniformized by D and
so X is not dominable by C
2
. Proposition 3.21 tells us that R is not isomorphi to a nite
extension of an abelian group in this ase. Hene, we may also assume that D has only a
nite number of omponents for the rest of the proof. Theorem 3.9 then applies and so it is
suÆient to show that (C;D)  0 if and only if G is a nite extension of an abelian group.
Assume that (C;D) < 0. If (C;D) projetivizes to (P
1
;

D) (see the rst remark after
theorem 3.9 for the denition of

D), then

D must have more than two omponents by
the denition of . Hene (C;D) is uniformizable and we may apply proposition 3.19 and
proposition 3.21 to onlude that the orbifold uniformizing group R of (C;D) is not a nite
extension of an abelian group. But then neither is G as R is a quotient of G.
Conversely, assume (C;D)  0. If (C;D) projetivizes to (P
1
;

D) and

D has no more
than two omponents, then G is abelian by proposition 3.13 and proposition 3.14. Otherwise,
(C;D) is uniformizable and, with the notation as in setion 3.3.1, the exat sequene 3.4
implies that G is an extension of H by R. Proposition 3.20 now applies to give a pull
bak ellipti bration
^
f :
^
X !
^
C without multiple bers suh that
^
X is a nite unramied
overing of X and suh that
^
C = P
1
, C

or an ellipti urve. We will onsider eah of these
ases for
~
C separately. Note rst that G = 
1
(X) (respetively R) is a nite extension of
^
G = 
1
(
^
X) (respetively
^
R) and that
^
H = H. Replaing
^
C by a nite unramied overing
of
^
C, we may assume, thanks to lemma 3.16 and proposition 3.17, that H lies in the enter
of
^
G (that is, the onjugation ation of
^
G on H is trivial).
In the ase when
^
C = P
1
, proposition 3.13 implies that
^
G is a quotient of a free abelian
group of rank two. Hene
^
G is abelian of rank no greater than two. Sine X is Kahler if and
only if
^
X is, this rank is even if X is Kahler and odd if not.
In the ase when
^
C = C

, the triviality of the onjugation ation of
^
R = Z implies
immediately that
^
G is abelian, of rank one greater than that of H.
In the ase when
^
C is an ellipti urve, proposition 3.17 implies that
^
X must either be
a holomorphially loally trivial bration over
^
C, or H is nite yli. In the former ase,
proposition 3.22 tells us that
^
G is a nite extension of a free abelian group of rank four.
In the latter ase, let m=2 be the order of H. Sine
^
R is abelian, the ommutator of two
elements a and b in
^
G must lie in H. Hene, ab = ba for some  2 H. Sine  ommutes with
both a and b, we have a
m
b = ba
m
and a
m
b
m
= (ab)
m
. This shows that
^
G
m
= fa
m
j a 2
^
Gg
is an abelian subgroup of
^
G interseting H at 1. Hene, we an form the internal diret sum
G
m
H in G whih we an easily identify with the inverse image of
^
R
m
in G, where
^
R
m
is a
normal subgroup of index m
2
in
^
R. (We note as an aside that G
m
is anonially isomorphi
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to R
m
.) It follows that
^
G beomes abelian if we replae
^
X by a nite overing of itself and
so our theorem is proved.
4 Other ompat omplex surfaes
We deal with the remaining ases of ompat omplex surfaes in this setion. These are the
ase of zero Kodaira dimension and the ase of zero algebrai dimension. In fat, by Kodaira's
lassiation, all surfaes with Kodaira dimension zero are ellipti brations exept for those
bimeromorphi to ompat omplex 2-dimensional tori and K3 surfaes, where the ellipti
ones form a dense odimension one family in their respetive moduli spae. As we have
already resolved the ase of ellipti brations in the previous setion, we need to onsider
only the tori and the K3 surfae ases. We rst resolve the ase of tori, and indeed prove a
muh stronger result of independent interest, before onsidering the other ases.
4.1 Compat omplex tori
A 2-dimensional ompat omplex torus is the quotient of C
2
by a lattie  of real rank 4. Let
X be suh a surfae, whih we all a torus surfae. Any ompat surfae Y bimeromorphi
to X admits a dominating holomorphi map from the omplement of nitely many points in
X. We show in this setion that the omplement of nitely many points in X is dominable
by C
2
. This will follow immediately from proposition 4.1 below. Hene, Y is also dominable
by C
2
as a result.
Following Rosay and Rudin [RR1℄, we say that a disrete set  in C
2
is tame if there is a
holomorphi automorphism, F , of C
2
suh that F () is ontained in a omplex line. Using
tehniques of [RR1℄ or [BF℄, the omplement of a tame set is dominable by C
2
, and in fat,
there exists an injetive holomorphi map from C
2
to C
2
n .
By a lattie, we mean a disrete Z-module. For the following proposition, let  be a lattie
in C
2
, let q
1
; : : : ; q
m
2 C
2
, and let 
0
= [
m
j=1
 + q
j
, where  + q
j
represents translation by
q
j
.
PROPOSITION 4.1 The set 
0
is tame. In partiular, C
2
n
0
is dominable by C
2
using
an injetive holomorphi map.
This result will be strengthened onsiderably in setion 6. Before proving this proposition,
we need a lemma.
LEMMA 4.2 There exists an invertible, omplex linear transformation A : C
2
! C
2
suh
that Im 
1
A(
0
) is a disrete set in R. Moreover, we may assume that if p; q 2 A(
0
) with
p 6= q, then jp  qj  1 and either Im 
1
p = Im 
1
q or jIm 
1
p  Im 
1
qj  1.
Proof: Let v
1
; v
2
; v
3
; v
4
be a Z-basis for , and let E be the span over R of v
1
; v
2
; v
3
.
Using the real inner produt, let u
0
6= 0 be orthogonal to E. Using the omplex inner
produt, let u
1
6= 0 be orthogonal to u
0
. Then u
1
and iu
1
are both real orthogonal to u
0
, so
C u
1
 E. Choose A
1
omplex linear suh that A
1
(u
0
) = (1; 0) and A
1
(u
1
) = (0; 1). Then
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1
A
1
(E) is a one (real) dimensional subspae of C , so by rotating in the rst oordinate, we
may assume that 
1
A
1
(E) is the real line in C .
Let 
0
= Im 
1
A
1
(v
4
), and 
j
= Im 
1
A
1
(p
j
) for j = 1; : : : ; m. Then for eah j =
1; : : : ; m and k 2 Z, we have

1
A
1
(E + kv
4
+ p
j
)  R + i(k
0
+ 
j
);
so that Im 
1
A
1
(
0
) is disrete in R. Applying an appropriate dilation to A
1
gives A as
desired.
Note that this lemma implies that given a nite set of points in a omplex 2-torus, there
is an open set, U , ontaining this nite set and a nononstant image of C avoiding U . In
partiular, the omplement of U in this torus is not Kobayashi hyperboli. As mentioned
in the introdution, this result will be strengthened in setion 6 to show that there is a
dominating map into the omplement of suh an open set U .
Proof of proposition 4.1: Lemma 4.2 implies that there is a omplex line L = C (z
0
; w
0
)
with orthogonal projetion 
L
: C
2
! L and real numbers 
0
; : : : ; 
m
suh that

L
(
0
)  [
m
j=1
(
0
Z+ 
j
+ iR)(z
0
; w
0
): (4.1)
I.e., identifying L with C in the natural way, the image of 
0
under 
L
is ontained in a
union of lines parallel to the imaginary axis, and this union of lines intersets the real axis
in a disrete set.
Making a linear hange of oordinates, we may assume that L = C (0; 1), in whih ase
we may identify 
L
with projetion to the seond oordinate, 
2
. Let 
1
denote projetion
to the rst oordinate, and let E = [
m
j=1
(
0
Z+ 
j
+ iR).
We next show that there is a ontinuous, positive funtion f
0
on E suh that if (z; w) 2 
0
with z 6= 0, then f
0
(w)jzj  2jwj. First, dene
r
1
(w) =
(
jwj
minfjzj:(z;w)2
0
;z 6=0g
if w 2 
2
(
0
);
0 if w 2 E n 
2
(
0
):
Then r
1
(w)  0, and sine 
0
is disrete, r is upper-semiontinuous.
Let r
2
(w) = 2(r
1
(w)+ 1) for w 2 E. Sine r
2
is also upper-semiontinuous, it is bounded
above on ompata, so a standard onstrution gives a funtion f
0
whih is ontinuous on E
with f
0
(w)  r
2
(w) > 0. Then for (z; w) 2 
0
with z 6= 0, we have f
0
(w)jzj  2r
1
(w)jzj 
2jwj by denition of r
1
.
We next nd a non-vanishing entire funtion f so that jf(w)zj  jwj if (z; w) 2 
0
with z 6= 0. Sine f
0
is positive on E, log f
0
(w) is ontinuous and real-valued on E, and
log f
0
(w)  log 2 + log(r
1
(w) + 1). By Arakelian's theorem (e.g. [RR2℄), there exists an
entire g(w) with j log f
0
(w)  g(w)j < log 2 for w 2 E. Then f(w) = exp(g(w)) is entire and
non-vanishing, and if (z; w) 2 
0
with z 6= 0, then
jf(w)zj = exp(Reg(w))jzj  r
1
(w)jzj  jwj:
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Finally, dene F (z; w) = (f(w)z; w). Then F is a biholomorphi map of C
2
onto itself,
and for (z; w) 2 
0
with z 6= 0, we have j
1
F (z; w)j  j
2
F (z; w)j. Sine F (
0
) is disrete,
we see that 
1
F (
0
) is disrete. Hene F (
0
) is tame by [RR1, theorem 3.9℄. By denition
of tame, 
0
is also tame, so as mentioned earlier, C
2
n 
0
is dominable by C
2
.
COROLLARY 4.3 The omplement of a nite set of points in a two dimensional ompat
omplex torus is dominable by C
2
. Hene any surfae bimeromorphi to suh a torus is
dominable by C
2
..
We remark that not all tori are ellipti. The ellipti torus surfaes form a 3 dimensional
family in the 4 dimensional family of torus surfaes and the generi torus ontains no urves.
All ompat omplex tori are Kahler. Also a ompat surfae bimeromorphi to a torus an
be haraterized by  = 0 and q = 2.
4.2 K3 surfaes
A ompat omplex surfae X is alled a K3 surfae if its fundamental group and anonial
bundle are trivial. A useful fat in the ompat omplex ategory, due to Siu ([Siu℄), is that
all K3 surfaes are Kahler. One an show that H
2
(X;Z) is isometri to a xed lattie L of
rank 22. If  is suh an isometry, then (X; ) is alled a marked K3 surfae. The set of suh
surfaes is parametrized by a 20 dimensional non-Hausdor manifold M [BPV, VIII℄ (The
fat that M is smooth follows from S.T. Yau's resolution of the Calabi onjeture in [Yau℄
(see e.g., [T℄) and the fat that M is not Hausdor is due to Atiyah ([At℄).)
We rst observe a few fats from the lassial work of Piatetsky-Shapiro and Shafarevih
in [PS℄ (see also [LP℄,[Shi℄,[BPV, VIII℄), where they obtained a global version of the Torelli
theorem for K3 surfaes. Given a marked K3 surfae and a point o 2 M orresponding to it,
there is a smooth Hausdor neighborhood U of o, a smooth omplex manifoldZ, and a proper
holomorphi map Z
p
! U whose bers are exatly the marked K3 surfaes parametrized by
U . Within this loal family, the subset of projetive K3 surfaes is parametrized by a
topologially dense subset of U whih is a ountable union of odimension one subvarieties.
The ellipti K3 surfaes (that is, K3 surfaes admitting an ellipti bration) also form a
topologially dense odimension one family in U .
The following proposition follows diretly from theorem 3.23 and the fat that the fun-
damental group of a K3 surfae is trivial.
PROPOSITION 4.4 A ompat omplex surfae bimeromorphi to an ellipti K3 surfae
is holomorphially dominable by C
2
.
The previous setion on omplex tori allows us to deal with another lass of K3 surfaes
| the Kummer surfaes, whih form a 4 dimensional family in the 20 dimensional family of
K3 surfaes. Suh a surfae X is, by denition, obtained by taking the quotient of a torus
surfae A (given as a omplex Lie group C
2
/lattie) by the natural involution g(x) =  x,
then blowing up the 16 orbifold singular points (resulting in 16 ( 2) urves). Alternatively,
one an desribe X as a Z
2
quotient of
^
A, where
^
A is the blowing up of A at the 16 points
of order 2 and where the quotient map is branhed along the exeptional (-1)-urves of
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the blowing up. Sine the inverse image of any nite set of points in X is nite in
^
A and
hene also nite in A, any surfae bimeromorphi to a Kummer surfae is dominable by C
2
aording to orollary 4.3.
PROPOSITION 4.5 A ompat surfae bimeromorphi to a Kummer surfae is dominable
by C
2
.
Before we leave the subjet of K3 surfaes, it is worth mentioning that projetive K3
surfaes are dominable by D C by the work of [GG℄ and [MM℄. Clearly, ellipti K3 surfaes
and Kummer surfaes are so dominable as well. Suh a surfae annot be measure hyperboli
as dened by Kobayashi ([Kob℄). However, it is still an unsolved problem whether all K3
surfaes are so dominable. The only other ompat omplex surfaes for whih this problem
remains open are the non-ellipti and non-Hopf surfaes of lass VII
0
outside the Inoue-
Hirzebruh onstrution.
4.3 Other ompat surfaes and our two main theorems
Besides those bimeromorphi to K3 and torus surfaes, the remaining ompat omplex
surfaes with zero Kodaira dimension are all ellipti, and are all dominable by C
2
. Suh
a surfae must be bimeromorphi to either a Kodaira surfae (dened and haraterized
in setion 3.3.3), a hyperellipti surfae (whih is a nite free quotient of a produt of
ellipti urves, and hene projetive), or an Enriques surfae (whih is a surfae admitting
an unramied double overing by an ellipti K3 surfae). Exept for the rst among these
three types, the fundamental group is always a nite extension of an abelian group.
Finally, the only remaining ompat omplex surfaes are those with algebrai dimension
0 and  =  1. This ategory inludes the non-ellipti Hopf surfaes, whih are dominable
by C
2
by onstrution (see [Ko4℄). This ategory also inludes the Inoue surfaes, whih
must be exluded from our main theorems sine their universal over is D  C , hene are not
dominable by C
2
, while any nononstant image of C must be Zariski dense (see proposition
19.1 in [BPV, V℄). However, it is of interest to note that the Zariski dense holomorphi
images of C are onstrained by higher order equations on an Inoue surfae so that if we
relax property C in this sense, we an in fat inlude Inoue surfaes in the next theorem.
Unfortunately, aside from the Hopf surfaes and the Inoue surfaes, the detailed struture of
surfaes of this type is not yet lear even though we know the existene of projetive aÆne
strutures for a speial sublass of these surfaes.
We now summarize our investigation in the ompat ategory by giving the following
extensions of our main theorems stated in the introdution:
THEOREM 4.6 Let X be a ompat omplex surfae of Kodaira dimension less than 2.
Assume that either (X) 6=  1 or a(X) 6= 0. In the ase that X is bimeromorphi to a K3
surfae that is not Kummer, assume further that X is ellipti. Then X is dominable by C
2
if and only if it does not satisfy property C. Equivalently, there is a dominating holomorphi
map F : C
2
! X if and only if there is a holomorphi image of C in X whih is Zariski
dense.
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THEOREM 4.7 Let X be a ompat omplex surfae not bimeromorphi to a Kodaira
surfae. Assume that either (X) 6=  1 or a(X) 6= 0. In the ase that X is bimeromorphi
to a K3 surfae that is not Kummer, assume further that X is ellipti. Then X is dominable
by C
2
if and only if it has Kodaira dimension less than two and its fundamental group is a
nite extension of an abelian group (of rank 4 or less).
5 Non-ompat algebrai surfaes
We begin with a key example whih motivated the general algebrai setting. This is the
example of the omplement of a smooth ubi urve in P
2
, whih we will show to be dominable
by C
2
.
5.1 Complement of a ubi in P
2
Let C be a smooth ubi urve in P
2
and let X = P
2
n C. Then its logarithmi anonial
bundle K
P
2
(D) is the trivial line bundle as degK
P
2
=  3. Hene, (X) = 0 and X is a
logarithmi K3 surfae; that is, a non-ompat 2-dimensional Calabi-Yau manifold.
PROPOSITION 5.1 The surfae X = P
2
n C is dominable by C
2
.
Proof: A tangent line to C at a non-inetion point meets C at one other point. This gives
rise to a holomorphi P
1
bundle with two holomorphi setions. To see that this is atually
a bundle (i.e. loally trivial), identify it with the projetivization of the tautologial vetor
bundle of rank two over the dual urve of C with the obvious isomorphism. We may pull
bak this P
1
bundle and the setions to the universal over C of C, with two setions s
1
and
s. Hene one may regard the omplement of s
1
(C ) of this bundle as a trivial line bundle on
C with a meromorphi setion s (with poles oming from points of inetion of the ubi).
Hene, it suÆes to onstrut a holomorphi map from C
2
onto the omplement of the
graph of a meromorphi funtion s to give a dominating map to X. Note that eah vertial
slie of the omplement of the graph is C

exept at a pole of s, where the vertial slie is C .
To onstrut suh a map, rst dene
 (t; w) =
exp(tw)  1
t
(5.1)
= w +
tw
2
2!
+
t
2
w
3
3!
+    (5.2)
whih is entire on C
2
. Note that (t;  (t; w)) is a berwise selfmap of C
2
whih misses preisely
the graph of  1=t, a funtion with a simple pole at the origin.
Sine C is Stein, there exists an entire funtion g suh that
1
g
has the same priniple parts
as s. This is beause we may write s = f=f
1
where f and f
1
are entire with no ommon
zeros. So log f is well dened in a neighborhood of eah zero of f
1
. By Mittag-Leer and
Weierstrass, we an nd an entire funtion g
1
with the same Taylor expansion as log f to
25
the order of vanishing of f
1
at eah zero of f
1
. Then g = f
1
= exp g
1
is our desired funtion.
In partiular, g vanishes preisely when s has a pole. Then h = s 
1
g
is entire, so
(z; w) = h(z)   (g(z); w)
= s(z) 
exp(wg(z))
g(z)
is entire on C
2
. For xed z with g(z) 6= 0, we see from the seond equality that (z; w) an
attain any value in C n fs(z)g by varying w. If g(z) = 0, then (z; w) = h(z) w, whih an
attain any value in C by varying w.
Hene, the map  : C
2
! C
2
n graph(s) given by
(z; w) = (z; (z; w))
is holomorphi and onto. Composing this map with the map into the P
1
bundle over C, we
obtain a dominating map into the omplement of the ubi C.
Note that an important step here is the onstrution of an entire funtion h whose graph
does not interset the graph of s. This is ertainly analogous to the situation of ellipti
brations.
Remark: The omplement of a smooth ubi does not admit any algebrai map to P
1
whose generi ber ontains C

. This is the only example among omplements of normal
rossing divisors in P
2
with this property. In fat, this is the only meaningful aÆne example
with this property that is dominable by C
2
(see [M, p. 189℄). Sine this is a logarithmi K3
surfae, this phenomenon is suggestive of the situation for a generi ompat K3 surfae.
We isolate the following useful theorem from the above proof.
THEOREM 5.2 Let s be a meromorphi funtion on C . Then the omplement of the graph
of s admits a dominating ber-preserving holomorphi map from C
2
.
5.1.1 Complements of normal rossing divisors in P
2
Let X be the omplement of a normal rossing divisor D in P
2
. If degD > 3, then (X) = 2
and hene X is not dominable by C
2
. If degD = 3, then D onsists of at most three
omponents and it is easy to hek that X is dominable by C
2
as follows. If D has only one
omponent, then it is either a smooth ubi or a ubi with one node. In the rst ase, the
result follows from proposition 5.1. In the seond ase, blowing up that node gives us a P
1
bundle over P
1
with two setions, one orresponding to the exeptional urve of the blow-up.
These two setions interset preisely at the two bers of the bundle orresponding to the
two tangent diretions of the ubi at the node. Hene, removing these two bers gives us a
surfae biholomorphi to C

C

, whih is dominable by C
2
. If D has two omponents, then
it onsists of a line and a oni (that is, a smooth urve of degree two) interseting at two
points. Blowing up one of the points of their intersetion (orresponding to projeting from
this point of intersetion) gives us a P
1
bundle over C with two setions omplemented, one
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of whih is the exeptional urve of the blow-up. If we think of one setion as 1, then the
other setion an be regarded as a meromorphi funtion on C and so theorem 5.2 applies
to give a dominating map from C
2
to X. An easier way is to delete the ber ontaining the
only point of intersetion of these two setions. The resulting X is biholomorphi to C

C

and hene dominable by C
2
. If D has three omponents, then eah must be a line and X is
C

 C

, whih is dominable by C
2
.
From the above argument, we see also that if degD < 3, then X is dominable by C
2
. In
summary, we have:
THEOREM 5.3 Let D be a normal rossing divisor in P
2
. Then P
2
nD is dominable by
C
2
if and only if degD  3.
We remark that this theorem is no longer true if D is not normal rossing. The unique
ounterexample in one diretion is when D onsists of three lines interseting at only one
point, whih is not dominable by C
2
. Another ounterexample, but in the opposite diretion,
is given by the omplement of the union of a oni and two lines interseting at a point of
the oni (whih we disussed in the two omponent ase of degD = 3 above).
5.2 The general quasi-projetive ase
Let X be an algebrai surfae over C . Then X =

X nD where

X is projetive and D is a
normal rossing divisor in

X. This is the notation set forth in setion 2 and we will assume
this setup throughout this setion. Kawamata ([K1℄,[K2℄,[K3℄) has onsidered the struture
of X and obtained a lassiation theory analogous to that in the projetive ase. Muh
of this is explained in some detail in Miyanishi ([M℄). We will use their results diretly to
takle our problem in this setion.
If there is a surjetive morphism f : X ! C whose generi ber is onneted, then we say
that X is bered over C. (We remind the reader that morphisms are algebrai holomorphi
maps.) More generally, if f is required to be only holomorphi rather than a morphism,
then we say that X is holomorphially bered over C. For example, the omplement of the
graph of a meromorphi funtion is holomorphially bered over C with generi ber C

.
As before, we let X
s
= f
 1
(s) be the ber over s. We rst quote the subadditivity property
of (log-)Kodaira dimension due to Kawamata ([K1℄):
PROPOSITION 5.4 If X is bered over a urve C, then
(X)  (C) + (X
s
)
for s outside a nite set of points in C; that is, for the generi ber X
s
.
From the denitions, a urve of positive genus with puntures has positive Kodaira
dimension. An ellipti urve has Kodaira dimension zero. A puntured P
1
has  =  1; 0
or 1 aording to the number of puntures being 1; 2 or greater than 2, respetively.
Given a dominating morphism f between algebrai varieties, it is lear that f

is injetive
on the level of logarithmi forms (see [Ii℄). Sine tensor powers of top dimensional logarithmi
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forms dene the Kodaira dimension, we see that if f is equidimensional, then it must derease
Kodaira dimension.
If q(X) > 0, then there is a morphism from X to a semi-abelian variety (a ommutative
algebrai Lie group that is an extension of a ompat torus by (C

)
k
for some k) of dimension
q(X), alled the quasi-Albanese map and onstruted by Iitaka in [Ii1℄. One has the simple
formula relating q(X) to the rst Betti numbers of X and

X:
q(X)  q(

X) = b
1
(X)  b
1
(

X):
Note that C does not support any logarithmi form by this formula.
5.2.1 Surfaes bered by open subsets of P
1
Let X be bered over a urve C by a map f whose generi ber is P
1
(possibly) with
puntures. Then, by a nite number of ontrations of ( 1)-urves that remain on the ber,
the ompatiation

X of X admits a birational morphism g to a ruled surfae

Y over a
projetive urve

C, the ompatiation of C, and g is a omposition of blowing ups. Hene
Y =

Y j
C
is a P
1
bundle over C, whose bundle map will again be denoted by g. We may
write f = h Æ g, where
C
r
! X
g
! Y
h
! C: (5.3)
If every holomorphi image of C in X is onstant in C (when omposed with f), then X
satises property C. Otherwise, there exists a holomorphi map r : C ! X suh that f Æ r
is not onstant. By taking the ber produt with f Æ r, we an pull bak the fatorization
piture 5.3 to one over C
C
~r
!
~
X
~g
!
~
Y
~
h
! C ;
where
~
f =
~
h Æ ~g is surjetive with a holomorphi setion ~r. Here,
~
X may be singular, but we
will regard it only as an auxiliary spae.
We will rst deal with the ase where the general ber has at most one punture; that is,
X
s
= P
1
or C for s in an open subset of C. We an then regard
~
Y as a trivial P
1
bundle with
a setion D
1
to whih the punture (if one exists) on the \generi" ber of
~
f is mapped.
Note that
~
Y nD
1
= C
2
with oordinates (z; w), and so we may regard a setion of
~
h as a
meromorphi funtion on C . In partiular, ~g Æ ~r is a meromorphi setion of
~
h.
Sine

X is obtained from

Y by a nite number of blow ups, we an identify points on
X as innitely near points on Y of order 0 or more as in [Ha, p. 392℄. Note that the set of
bers in Y whih ontain innitely near points of order 1 or more is nite (sine the set of
suh bers in

Y is nite). This nite set of bers in Y pulls bak to a disrete set of bers
in
~
Y . In Y , suh a higher order innitely near point orresponds to a point in X obtained
by nitely many blow-ups, hene to the speiation of a nite jet at the point in Y . Under
pull-bak, this orresponds to a nite jet in
~
Y . Additionally, there is a nite set of bers in
Y whih may have more than one punture, and these bers all pull bak to a disrete set
of bers in
~
Y . Together, these two types of bers will be alled exeptional bers.
In order to produe a dominatingmap intoX, it suÆes to produe a berwise dominating
map F (z; w) = (z;H(z; w)) into
~
Y whih respets these exeptional bers in the following
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sense. If
~
Y
s
is an exeptional ber, then F (s; w) is a single point independent of w. Moreover,
if
~
Y
s
is a ber having more than one punture, then the image of the map F should avoid
all suh puntures. If
~
Y
s
is a ber having an innitely near point, then F (s; w) should equal
~g Æ ~r(s). Additionally, if ~g Æ ~r passes through this innitely near point, and  is holomorphi
in a neighborhood of s, then the loal urve z 7! (z;H(z; (z))) should agree with the jet
given by the innitely near point on
~
Y
s
.
Fortunately, the setion ~g Æ ~r has the orret jet whenever it intersets one of these
exeptional bers, so we an use this setion to obtain suh a map. Let q(z) = ~g Æ ~r(z),
whih is meromorphi. We will dene H(z; w) = p(z)w + q(z) for some entire p(z). For
eah exeptional ber
~
Y
s
, there is an integer n
s
 1 suh that if p vanishes to order n
s
at s, then F dened with this H respets the exeptional ber as indiated above. By
Weierstrass' theorem, there exists p entire vanishing exatly to order n
s
at eah s. Then
F (z; w) = (z;H(z; w)) gives a dominating map from C
2
into
~
Y respeting the exeptional
bers, and this map pushes forward to Y , then lifts to give a dominating map into X, as
desired.
We now deal with the ase where the generi ber of f is C

. In this ase,
~
Y an be
identied with a P
1
bundle with a double setionD
Y
, to whih the puntures on the \generi"
bers of
~
f maps to. Now, either D
Y
onsists of two omponents, both of whih are smooth
setions of
~
h, or D
Y
onsists of one omponent. In either ase, outside of a disrete set of
bers, D
Y
an be written loally as the union of two mermorphi setions. Moreover, we
dene the set of exeptional bers exatly as in the previous ase.
First, using a ber-preserving biholomorphi map of C P
1
to itself, we may move ~gÆ~r to
beome the1-setion. Then the requirement of agreeing with the jet of ~g Æ ~r at a point s is
equivalent to having a pole of some given order at s in the new oordinate system. Next, let
E
1
be the points in C at whih D
Y
intersets this new innity setion. Near a point s 2 E
1
,
D
Y
an be written as w = h(z) 
p
g(z) = u

(z) for some meromorphi g and h. Hene
there exists n
s
> 0 suh that u

(z)(z   s)
n
s
onverges to 0 as z tends to s. We may assume
also that if s 2 E
1
and s is the base point of an exeptional ber, then the n
s
obtained here
is larger than the n
s
obtained above for this exeptional ber.
Let E be the union of E
1
and the set of base points orresponding to exeptional bers.
Let p be entire with a zero of order n
s
at eah s 2 E and no other zeros, and let (z; w) =
(z; p(z)w). Then (D
Y
) is a double setion in C  P
1
, and a dominating map from C
2
to
C
2
n(D
Y
) followed by 
 1
gives a dominating map to the omplement of D
Y
whih respets
the exeptional bers.
Hene it suÆes to onstrut a dominating map into the omplement of (D
Y
). Note
that (D
Y
) an be written as w = v

(z) = p(z)u

(z), where v

are holomorphi exept
possibly for square root singularities at branh points.
For omplex numbers u and v, dene a Mobius transformationN
u;v
(w) = (uw v)=(w 1),
whih takes 0 to v and 1 to u, and dene G
u;v
(w) = exp(w(u  v)). Note that N
u;v
(w) =
N
v;u
(1=w) and that G
u;v
(w) = 1=G
v;u
(w). Hene H
0
(u; v; w) = N
u;v
(G
u;v
(w)) satises
H
0
(u; v; w) = H
0
(v; u; w). Sine symmetri funtions of v
+
and v
 
are holomorphi, we see
thatH(z; w) = H
0
(v
+
(z); v
 
(z); w) is well-dened and holomorphi from C
2
to C P
1
. More-
over, for xed s suh that v

(s) are distint, H(s; ) is nononstant from C to P
1
n fv

(s)g.
If v

(s) are equal, then assuming without loss that s = 0, we have v

(z) = h(z) 
p
g(z)
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for some holomorphi g(z) = z
m
g
1
(z) with g
1
(0) 6= 0, m  1. Then v
+
  v
 
= 2
p
g, so
multiplying the numerator and denominator of H by exp( w(v
+
  v
 
)=2) and using the
Taylor expansion of exp gives
H =
(h+
p
g)(1 + w
p
g)  (h 
p
g)(1  w
p
g) +O(jzj
m
)
(1 + w
p
g)  (1 
p
g) +O(jzj
m
)
=
2hw
p
g + 2
p
g +O(jzj
m
)
2w
p
g +O(jzj
m
)
:
As z ! 0, this last expression tends to h(0)+ 1=w, and hene H(0; ) maps C onto P
1
n fv
(z)g.
Thus H is a dominating map from C
2
to the omplement of (D
Y
), hene as noted
before, 
 1
ÆH is a dominating map from C
2
to the omplement of D
Y
whih respets the
exeptional bers. As before, this map pushes forward to Y and lifts to give a dominating
map into X, as desired.
We an now summarize with the following theorem.
THEOREM 5.5 Assume that X is bered over a urve C and that the generi ber is P
1
with at most two puntures. Then X is dominable by C
2
if and only if there is a Zariski
dense image of C in X.
The arguments given in this paper are not suÆient to resolve the question of dominability
for open bered surfaes. As an example, we have the following question.
QUESTION 5.6 Let X be the omplement of a double setion in a oni bundle over C ,
C

, or an ellipti urve. Is X dominable by C
2
?
We will onsider this and related questions in a forthoming paper.
5.2.2 The  =  1 ase
Let (X) =  1. Then (

X) =  1 as well. Hene

X is either rational or birationally ruled
over a urve of non-negative genus. In the latter ase, proposition 5.4 says that X is bered
over a urve C with (C)  0 where the generi ber is P
1
with at most one punture.
Hene theorem 5.5 applies in this ase to give us the equivalene of dominability by C
2
and
the failure of property C. Note that property C holds in the ase (C) > 0 (whih inlude
the ase q(X)  2), orresponding to C being hyperboli.
In the remaining ase when

X is rational, we an again divide into two ases aording
to whether q(X) is zero or not. In the latter ase, we again have a bering of X over a
urve C via the quasi-Albanese map with the generi ber having at most one punture
by proposition 5.4, as before. This is beause there are no logarithmi 2-forms on X sine
(X) =  1. By the same token, every logarithmi 1-form on X is the pull bak of a
logarithmi form on C (One an also see this from the fat that P
1
with at most one punture
has no logarithmi forms so that any logarithmi form on X beomes trivial when restrited
to the generi ber. Hene, q(X) = q(C).) So, C must be P
1
with at least two puntures.
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If it has more than two puntures, orresponding to q(X)  2, then C is hyperboli. So we
have degeneray of holomorphi maps from C in this ase. Otherwise, theorem 5.5 applies.
We are left with the ase where q(X) = 0 where proposition 5.4 no longer applies, but
where muh of the analysis has been done in [M℄. We now quote theorem (1
0
) of [M℄, (whih
follows from theorem I.3.11 of [M℄)
THEOREM 5.7 With X and D as before, assume that D is onneted. Then (X) =  1
if and only if X bers over a urve with generi ber being P
1
or C .
Exept in the ase where X = P
2
, there is, of ourse, some bering of X to a urve (as is
lear from, for example, (1) of the lassiation list given in setion 2) and every suh bering
must be to a urve C that is either P
1
or C . In these bered ases, we would like to show
that the generi ber is P
1
with at most two puntures so that theorem 5.5 an be applied
to show that X is dominable by C
2
. However, it remains an open question whether or not
the generi ber has this form, and although this question should be resolved by some ase
heking, this lak prevents us from giving a omplete lassiation in the ase (X) =  1
and q(X) = 0.
We an now summarize this setion as follows.
THEOREM 5.8 Let X be the omplement of a normal rossing divisor D in a projetive
surfae. Assume (X) =  1. If q(X)  2, then X satises property C and hene is not
dominable by C
2
. If q(X) = 1 or if q(X) = 0 and D is onneted, then X is dominable by
C
2
if and only if there exists a holomorphi map of C to X whose image is Zariski dense.
5.2.3 The  = 1 ase
Here, we an diretly apply the basi Iitaka bration theorem, theorem 11.8 in [Ii℄ (see also
[Ue℄):
THEOREM 5.9 Assume (X)  0. Then X is properly birational to a variety X

whih
is bered over a variety of dimension (X) and whose generi ber has Kodaira dimension
zero.
This theorem holds for X of any dimension. But for our situation at hand, it says that
X is properly birational to a surfae X

whih is bered over a urve with generi ber that
is either an ellipti urve, or P
1
with two puntures. Now, we have already shown that for
suh a bered variety, dominability is unhanged for any variety properly birational to it.
The latter ase is already resolved by theorem 5.5. The former ase an also be resolved to
give the same onlusion by the same analysis as that of theorem 5.5 with the help of the
Jaobian bration as in setion 3. Thus, ombining with theorem 5.5, we have:
THEOREM 5.10 Assume X is bered over a urve with generi ber that is either an
ellipti urve or P
1
with at most two puntures. This is the ase, for example, when (X) = 1.
Then X is dominable by C
2
if and only if there exists a holomorphi map of C to X whose
image is Zariski dense.
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5.2.4 The  = 0 ase
It remains to look at the ase where (X) = 0. If q(X)  2, then a well known theorem of
Kawamata ([K4℄) says that X has a birational morphism to a semi-abelian surfae. Hene,
X is dominable by C
2
. If q(X) = 1, then X is bered over a urve and the generi ber is
an ellipti urve or is P
1
with at most two puntures by proposition 5.4. Hene theorem 5.10
applies in this ase. When q(X) = 0, our problem remains with some K3 surfaes as
explained in setion 4.2.
Finally, if X is aÆne rational and D has a omponent that is not a rational urve, then
Lemma II.5.5 of [M℄ says that either X is bered over a urve with generi ber P
1
with at
most two puntures or X is the omplement of a smooth ubi in P
2
. The former is handled
by theorem 5.5 while the latter is dominated by C
2
as shown in setion 5.1. This resolves
the ase of the omplement of a redued divisor C in P
2
unless C is a rational urve, whih
one an resolve as well when C has either only one singular point or is of low degree (and
it is easy to hek all the ases for degree less than 4). This is a good exerise for the ase
when C is a rational urve of high degree, whih we will not attempt here. Note that, if C
is normal rossing with dominable omplement, then C is again a smooth ubi in P
2
, being
the unique non-rational omponent.
THEOREM 5.11 Assume (X) = 0. If q(X) is positive or if X is aÆne and D has a
omponent that is not a rational urve, then X is dominable by C
2
if and only if there exists
a holomorphi map of C to X whose image is Zariski dense.
6 Compat omplex surfae minus small balls
For the ompat omplex surfaes whih we showed to be dominable by C
2
, a surprisingly
stronger result an be ahieved, thanks to the theory of Fatou-Bieberbah domains. We an
show that these surfaes remain dominable after removing any nite number of suÆiently
small open balls. In this setion we show how this an be done in the most diÆult ase,
the ase of a two dimensional ompat omplex torus. We show that given any nite set of
points in a torus T , it is possible to nd some open set, U , ontaining this nite set, and a
holomorphi map F : C
2
! T nU with non-vanishing Jaobian determinant. In fat, F lifts
to an injetive holomorphi map from C
2
to C
2
. For the statement of the following theorem,
we fous only on this lifted map. For notation, 
2
(p; r) is the bidisk with enter p and radii
r in both oordinate diretions and 
j
represents projetion to the jth oordinate axis.
THEOREM 6.1 Let   C
2
be a disrete lattie, let p
1
; : : : ; p
m
2 C
2
, let 
0
= [
m
j=1
+p
j
,
and for r > 0, let 
0;r
= [
p2
0

2
(p; r). For some r > 0, there exists an injetive holomorphi
map F : C
2
! C
2
n 
0;r
.
In fat, the proof will show that any disrete set ontained in 
0;r
is a tame set in the
sense of setion 4.1. As an immediate orollary, we obtain the following result, as mentioned
in the introdution. An n-dimensional version of this result is found in [Bu℄.
COROLLARY 6.2 Let T be a omplex 2-torus and let E  T be nite. Then there exists
an open set U ontaining E and a dominating map from C
2
into the omplement of U .
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For the remainder of this setion, , 
0
and 
0;r
will be as in the statement of this
theorem.
6.1 Preparatory lemmas
In this subsetion we state some neessary lemmas. The proofs are straightforward and
perhaps even standard, but they are provided for ompleteness.
Notation: For  > 0, let S

= fx+ iy : x 2 R;  < y < g.
LEMMA 6.3 Let C > 0, let f : R ! [0; C℄ be measurable, and let  2 (0; 1). Then there
exists a funtion g holomorphi on S

suh that if Æ > 0 and z
0
= x
0
+iy
0
2 S

with f(x) = 
0
for x
0
  Æ < x < x
0
+ Æ, then
jg(z
0
)  f(x
0
)j 
2C
Æ
:
Moreover, Re g(z)  0 for all z 2 S

.
Proof: For n 2 Z, let
g
n
(z) =
1
2i
Z
n
 n

f(x)
x  i  z
 
f(x)
x + i  z

dx
=
1

Z
n
 n
f(x)


(x  z)
2
+ 
2

dx:
I.e., g
n
is obtained via the Cauhy integral using the funtion f on the two boundary om-
ponents of S

and trunating at x = n. By [R, Thm 10.7℄, eah g
n
is holomorphi in S

.
Moreover, for z
0
= x
0
+ iy
0
2 S

, we have jy
0
j < , so
j(x  z)
2
+ 
2
j  Re (x  (x
0
+ iy
0
))
2
+ 
2
 (x  x
0
)
2
: (6.1)
Using this last inequality and the boundedness of f , it follows immediately that g
n
onverges uniformly on ompat subsets of S

to the holomorphi funtion
g(z) =
1

Z
1
 1
f(x)


(x  z)
2
+ 
2

dx: (6.2)
A simple ontour integration shows that if f is replaed by the onstant 
0
, then the integral
in (6.2) is 
0
for all z 2 S

. Hene, if z
0
= x
0
+iy
0
2 S

with f(x) = 
0
for x
0
 Æ  x  x
0
+Æ,
then using (6.1),
jg(z
0
)  f(x
0
)j =




1

Z
1
 1
(f(x)  
0
)


(x  z)
2
+ 
2

dx





C


Z
x
0
 Æ
 1
+
Z
1
x
0
+Æ

(x  x
0
)
2
dx


2C
Æ
:
To show that Re g(z)  0, note that the seond part of (6.1) implies that Re (=((x  
z)
2
+ 
2
))  0 for all z 2 S

, and sine f is real, (6.2) implies Re g(z)  0.
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LEMMA 6.4 Let V = f(z; w) : jwj < 1+ jzj
2
g. Then there exists an injetive holomorphi
map  : C
2
! V .
Proof: Let H(z; w) = (w;w
2
  z=2). Then H is a polynomial automorphism of C
2
,
and (0; 0) is an attrating xed point for H. By [RR1, appendix℄, there is an injetive
holomorphi map 	 from C
2
onto the basin of attration of (0; 0), whih is dened as
B = fp 2 C
2
: lim
n!1
H
n
(p) = (0; 0)g. By [BS℄, there exists R > 0 suh that B is ontained
in
V
R
= fjzj  R; jwj < Rg [ fjzj  R; jwj < jzjg:
Hene taking  = 	=R gives an injetive holomorphi map from C
2
into V
1
 V .
6.2 Proof of theorem 6.1
We will onstrut an automorphism of C
2
mapping 
0;r
into the omplement of the set V of
lemma 6.4. This will be suÆient to prove the theorem, and by [RR1℄ this implies that any
disrete set ontained in 
0;r
is tame.
Choose an invertible, omplex linear A as in lemma 4.2. Without loss of generality, we
may replae  by A(), p
j
by A(p
j
), and 
0
by A(
0
). Then 
1

0
is ontained in [
1
k=1
L
k
,
where eah L
k
is a line of the form R + i
k
, 
k
real. Moreover, dist(L
j
; L
k
)  1 if j 6= k, and
jp  qj  1 if p; q 2 
0
with p 6= q.
Let fq
j
g
1
j=1
be an enumeration of the set
fq 2 
0
: j
2
qj  1=8g = fq 2 
0
: 
2
(q; 1=8) \ (C  f0g) 6= ;g:
Let C = log 32, and dene f
k
: R ! [0; C℄ for eah k by
f
k
(x) =

0 if (x + i
k
; 0) 2 
2
(q
j
; 1=8) for some q
j
C otherwise:
Let Æ = 1=16, and hoose   Æ=2 small enough that 2C=Æ  log(3=2). Let r = =2, and
reall that 
0;r
= [
p2
0

2
(p; r).
Let S
k

= fx+ i(y + 
k
) :   < y < g and U

= [
1
k=1
S
k

. Dene g holomorphi on U

by
applying lemma 6.3 with f = f
k
to dene g on S
k

. By Arakelian's Theorem (e.g. [RR2℄),
there exists h entire suh that if z 2 U
=2
, then jh(z)  g(z)j  log(4=3). Dene
F
1
(z; w) = (z; w exp(h(z))):
Then F
1
: C
2
! C
2
is biholomorphi.
We show next that there is a omplex line in the omplement of F
1
(
0;r
). To do this, let
p 2 
0;r
, and suppose rst that p 2 
2
(q
j
; r) for some q
j
. Choose k so that 
k
= Im 
1
q
j
,
and write 
1
p = x
0
+ iy
0
.
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Note that jy
0
 
k
j < r = =2. Also, sine j
2
q
j
j  1=8, we see that if jx x
0
j < (1=8) r,
then (x+i
k
; 0) 2 
2
(q
j
; 1=8). Sine Æ < (1=8) r, we have f
k
(x) = 0 for x
0
 Æ  x  x
0
+Æ,
and hene by lemma 6.3 and the hoie of  and h,
jh(
1
p)j  jg(
1
p)j+ log(4=3)

2C
Æ
+ log(4=3)
 log 2:
Hene
j
2
F
1
(p)j  2j
2
pj  2(j
2
q
j
j+ r) 
1
3
: (6.3)
In the remaining ase, p 2 
0;r
but p =2 
2
(q
j
; r) for any j, in whih ase j
2
pj  (1=8) r.
Let q 2 
0
suh that p 2 
2
(q; r), and hoose k so that 
k
= Im 
1
q.
Suppose rst that x
0
= Re 
1
p satises f
k
(x) = C for jx  x
0
j  Æ. Sine jy
0
  
k
j < r =
=2, we have by lemma 6.3 and hoie of  and h that
Re h(
1
p)  Re g(
1
p)  log(4=3)
 C  
2C
Æ
  log(4=3)
 log 16:
Hene
j
2
F
1
(p)j  16j
2
pj  16((1=8)  r) > 1: (6.4)
Otherwise, f
k
(x) = 0 for some x with jx x
0
j  Æ, so there exists j suh that j
1
p 
1
q
j
j 
(1=8) + Æ + r, hene
j
1
q   
1
q
j
j  (1=8) + Æ + 2r  1=4:
Sine q and q
j
are distint points of 
0
, we have jq q
j
j  1 by assumption, so j
2
q 
2
q
j
j
2

1  (1=4)
2
, and hene
j
2
qj  j
2
q   
2
q
j
j   j
2
q
j
j 
p
15
4
 
1
8
and
j
2
pj  j
2
qj   r 
3
4
:
Sine Re g(
1
p)  0 by lemma 6.3, we have Re h(
1
p)    log(4=3), and hene
j
2
F
1
(p)j 
3
4
j
2
pj 
9
16
: (6.5)
From (6.3), (6.4) and (6.5), we onlude that if p 2 
0;r
, then either j
2
F
1
(p)j  1=3 or
j
2
F
1
(p)j  9=16. In partiular,
dist(F
1
(
0;r
); C  f
1
2
g) 
1
16
:
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Note also that 
1
F
1
(p) = 
1
p for all p 2 C
2
.
To nish the proof, we will onstrut F
2
similar to F
1
so that F
2
(F
1
(
0;r
)) is ontained
in C
2
n V , where V is as in lemma 6.4.
First note that for z = x + iy 2 S
k

, we have jy   i
k
j < , so
Re [(z   i
k
)
2
+ (j
k
j+ r)
2
+ 1 + 
2
℄  x
2
+ (j
k
j+ )
2
+ 1 > 0: (6.6)
Hene we an hoose a branh of log so that
g
2
(z) = log((z   i
k
)
2
+ (j
k
j+ r)
2
+ 1 + 
2
) + 1 + log 16 (6.7)
is holomorphi on [
k
S
k

. Again by Arakelian's Theorem, there exists h
2
entire suh that if
z 2 S
k
=2
, then jg
2
(z)  h
2
(z)j  1, so Re h
2
(z)  Re g
2
(z)  1. Let
F
2
(z; w) =

z;

w  
1
2

exp(h
2
(z))

:
Again, F
2
: C
2
! C
2
is biholomorphi. Moreover, if p 2 F
1
(
0;r
), then j
2
p 
1
2
j  1=16, and

1
p = z = x + iy with jy   
k
j < r for some k, so by (6.6) and (6.7), we have
j
2
F
2
(p)j 





2
p 
1
2




exp(Re h
2
(z))

1
16
exp(Re g
2
(z)  1)
 x
2
+ (j
k
j+ r)
2
+ 1
 1 + j
1
pj
2
 1 + j
1
F
2
(p)j
2
:
Hene F
2
F
1
(
0;r
)\V = ;, where V  (C
2
) is as in lemma 6.4, so taking F = F
 1
1
F
 1
2

gives an injetive holomorphi map F : C
2
! F
 1
1
F
 1
2
(V )  C
2
n 
0;r
as desired.
6.3 The general ase of omplements of small open balls
It is now easy to dedue the following orollary from theorem 6.1.
COROLLARY 6.5 Let X be bimeromorphi to a ompat omplex torus or to a Kummer
K3 surfae. Then, given any nite set of points in X, the omplement of a neighborhood of
this set is dominable by C
2
. In partiular, suh a omplement is not measure hyperboli.
The ase of ellipti brations over P
1
or over an ellipti urve an be handled in the
same way as that of theorem 6.1. This is beause removing a nite number of small open
balls (plus a smooth ber away from them if the base is P
1
) is tantamount to removing via
the Jaobian bration a disrete set of ontratible open sets in C
2
bounded away from the
axis by xed onstants and whose projetion to the rst fator C is also a disrete set of
ontratible open subsets of C . See also theorem 2.3 in [Bu℄.
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